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Abstrac t 

For urban mobility to be efficient, it requires a simultaneous interaction of 

urban structure and transportation systems. Urban activities define urban 

development. Traffic is a result of the interaction between the urban activity 

system that generates the mobility demand, and the supply of transportation 

networks.  

Continuous population growth in cities, urban sprawl and time lag regarding 

the balance of supply -demand may create excessive traffic congestion and, 

thus, inefficiency. The international trend  of recuperating public space for 

citizens (tactical city planning) and the trigger of Covid19 pandemics put 

×ÙÌÚÚÜÙÌɯÖÕɯÛÏÌɯɁÙÐÎÏÛɂɯÚÜ××ÓàɯÈÕËɯÓÈàÖÜÛɯÖÍɯÛÙÈÕÚ×ÖÙÛÈÛÐÖÕɯÕÌÛÞÖÙÒÚɯÖÍɯÈɯ

city. 

This research focuses on how to adapt infrastructure and land uses to meet 

the mobility needs in a city. We seek a balanced design among transportation 

networks, population distribution, land use, and infrastructure. A 

macroscopic approach identifies the infrastructure requirements to reach an 

appropriate level of service for urban mobility.  

A Continuous Approximation formulation for a concentric city includes the 

key performance conditions of public and private transportation 

infrastructure. The analytical models use variables defined as densities, and 

solve the optimizat ion problem minimizing the total costs. We apply the 

four -step Urban Transportation Planning process as defined in the Chicago 

Area Transportation Study: trip generation and attraction, spatial 

distribution, modal split and traffic assignment using the inc remental 

method. 

We focus on the role of heterogeneously distributed demand, and design 

effects on urban structure based on functionality, and we test several policies. 

Multi -center cities can reduce the total costs between 2.6% and 11.6%, which 

is relevant as a planning measure. Autonomous vehicles could have a neutral 

effect on the reduction in travel costs. When we apply the models to Santiago 

(Chile), the system optimization advises to increment the subway services 

and lines. 

The model provides robust approaches to elaborate spatial planning 

instruments and policies, which is a promising contribution to City Planning 

science. 
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Resumen 

La eficiencia de la movilidad urbana requiere una interacción simultánea de 

la estructura urbana y los sistemas de transporte. Las actividades urbanas 

definen el desarrollo urbano. El tráfico es el resultado de la interacción entre 

el sistema de actividad urbana que genera la demanda de movilidad y la 

oferta de las redes de transporte. 

El crecimiento continuo de la población en las ciudades, la expansión urbana 

y el desfase en el equilibrio entre la oferta y la demanda pueden crear una 

congestión excesiva del tráfico y, por lo tanto, ineficiencia. La tendencia 

internacional a recuperar el espacio público para los ciudadanos (urbanismo 

táctico) y el detonante de la pandemia de Covid19 tensiona la oferta y el 

ËÐÚÌęÖɯɁÈËÌÊÜÈËÖÚɂɯËÌɯÓÈÚɯÙÌËÌÚɯËÌɯÛÙÈÕÚ×ÖÙÛÌɯËÌɯÜÕÈɯÊÐÜËÈËȭ 

Esta investigación se centra en cómo adaptar la infraestructura y los usos del 

suelo para satisfacer las necesidades de movilidad en una ciudad. Buscamos 

un diseño equilibrado entre redes de transporte, distribución de la población, 

uso del suelo e infraestructura. Un enfoque macroscópico identifica los 

requisitos de infraestructura para alcanzar un nivel de servicio apropiado 

para la movilidad urbana.  

Una formulación de Aproximaciones Continuas para una ciudad concéntrica 

incluye las condiciones clave de desempeño de la infraestructura de 

transporte público y privado. Los modelos analíticos utilizan variables 

definidas  como densidades y resuelven el problema de optimización 

minimizando los costes totales. Aplicamos el proceso de Planificación del 

Transporte Urbano de cuatro pasos clásico: generación y atracción de viajes, 

distribución espacial, reparto modal y asignació n de tráfico utilizando el 

método incremental. 

Nos enfocamos en el papel de la demanda distribuida heterogéneamente y 

los efectos del diseño en la estructura urbana basados en la funcionalidad, y 

probamos varias políticas. Las ciudades multi-céntricas pueden reducir los 

costes totales entre un 2,6% y un 11,6%, lo que es relevante como medida de 

planificación. Los vehículos autónomos podrían tener un efecto neutral en la 

reducción de los costes de viaje. Cuando aplicamos los modelos a Santiago 

(Chile), la optimización del sistema aconseja incrementar los servicios y 

líneas de metro. 
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El modelo proporciona enfoques sólidos para elaborar instrumentos y 

políticas de planificación espacial, lo que es una contribución prometedora 

para la ciencia de la planificación urbana. 

 

Palabras clave: Movilidad urbana. Diseño de red. Transporte público. Tráfico. 

Transporte privado. Aproximaciones continuas. Ciudad concéntrica. Subcentros 

urbanos. Vehículos autónomos. Santiago, Chile. 
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1. Introduction and objectives  

A city is a part of a territory  that concentrates population and contains 

commercial areas, services, and even industries; a city is not a static system. 

The inhabitants of a city need to travel from one point to another  for many 

purposes, including work, education, and others. Moreover , people need to 

move goods between two points for the provision of services and to meet the 

ÊÐÛàɀÚɯÕÌÌËÚɯÖÍɯÔÈÕÜÍÈÊÛÜÙÐÕÎɯÈÊÛÐÝÐÛÐÌÚȭɯTherefore, a city is a complex system 

containing residential and non-residential  elements heterogeneously 

distributed over the territory.  

The development of cities involves the interaction of urban elements in which 

transportation plays an essential role. In this interaction, t ransportation needs 

infrastructure , defined as location, design, materiality, and capacity, for its 

operation. 
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The interaction between transportation and infrastructure determines a 

transportation system. According to Vuchic (2007), transportation systems 

generate effects on ÈɯÊÐÛàɀÚ form and urban structure . The former considers 

the size, geometric shape, and primary structural network . The latter includes 

population densities and the distribution of land use. In this sense, the 

operation of both urban mobility and transportation impacts the urban space 

used by cars, transit, logistics vehicles, and other modes (motorized, non-

motorized, and active mobility).  

Historical, political, social, and  geographical conditions define the physical 

characteristics of a city. The physical layout of a city may come from 

planning,  natural  development over a long period of time, or a mixed process 

of both. For adequate functional planning of a city , planners should consider 

both the transportation system operation and infrastructure to enhance 

×ÌÖ×ÓÌɀÚɯÔÖÉÐÓÐÛà and freight . 

The above componentsɭurban form and structure ɭare critical elements for 

the impact analysis of transportation and urban mobility on an urban system  

and vice versa. 

In the next point, t his chapter exposes the problem statement and justification 

of the research based on these components. After this , the objectives of this 

dissertation will be presented. Finally, th e chapter provides  a road map of the 

document in its entirety . 

1.1. Transportation and i ts effects on a city 

In an integrated urbanism -mobility approach , one of the classical key 

references is given by Colin Buchanan in his book Traffic in Towns (1963), 

whose assertions are still relevant. 

According to Buchanan (1963), the increase in cars is: 

Ɂȱan extraordinary problem because nothing less is involved than a threat 

to the whole familiar physical form of townsȱɁ (p. 7) 

ɁȱÛÙÈÍÍÐÊɯÊÖÕÎÌÚÛÐÖÕɯÏÈÚɯÈÓÙÌÈËàɯ×ÓÈÊÌËɯÐÕɯÑÌÖ×ÈÙËàɯÛÏÌɯÞÌÓÓ-being of many 

of the inhabitants ÈÕËɯÛÏÌɯÌÍÍÐÊÐÌÕÊàɯÖÍɯÔÈÕàɯÖÍɯÛÏÌɯÈÊÛÐÝÐÛÐÌÚȭɂ (p. 7) 

Ɂ3ÏÌɯÊÖÕÍÓÐÊÛɯÉÌÛÞÌÌÕɯÛÖÞÕÚɯÈÕËɯÛÙÈÍÍÐÊɯÖÉÝÐÖÜÚÓàɯÚÛÌÔÚɯÍÙÖÔɯthe physical 

structure of townsȱthis soon became apparent after the invention of the 
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motor vehicle because it soon exerted a strong influence towards changing 

ÛÏÌɯÍÖÙÔɯÖÍɯÛÖÞÕÚȱɂɯ(p. 29) 

Moreover, this problem will not disappear because: 

Ɂȱthe future of the motor vehicle, or of some equivalent machine, is 

assured.ɂ (p. 25) 

Ɂȱthe population appears as intent upon owning cars as the manufacturers 

ÈÙÌɯÜ×ÖÕɯÔÌÌÛÐÕÎɯÛÏÌɯËÌÔÈÕËȭɂ (p. 28) 

Buchanan poses a balance between the organization of a city and the 

transportation mode used by its inhabitants. Thus, this situation implies : 

Ɂȱa problem of design, of the actual layout and form of buildings and access 

way, and the manner of distribution of traffic from one part of a town to 

another. It is a basic problem, as relevant to a small isolated townɂȱɯɁas to 

ÛÏÌɯÊÖÕÚÛÐÛÜÌÕÛɯÛÖÞÕÚɯÖÍɯÛÏÌɯÓÈÙÎÌÚÛɯÊÖÕÜÙÉÈÛÐÖÕȭɂ (p. 31) 

ɁȱÕÌÞɯÚÌÛÛÓÌÔÌÕÛÚɯÊÖÜÓËɯÞÌÓÓɯÛÈÒÌɯÖÕɯÕÌÞɯÍÖÙÔÚɯÉÈÚÌËɯÖÕɯÛÙÈÕÚ×ÖÙÛɯ

ÚàÚÛÌÔÚȭɂ (p. 30) 

The author wrote the above almost six decades ago, but these assertions and 

their  consequences remain valid.  It may cause effects on an urban system, 

deteriorat ing both mobility and urban development. This consequence may 

equivalently impact a public transport ation system. 

Within  this research framework, the problem statement and its discussion 

focus on three aspects: transportation problems, consequences on urban 

systems, and management strategies and planning instruments to improve 

transportation. These factors justify the current dissertation, and thereby the 

research thesis. 

1.1.1. Transportation problems  

Traffic congestion and transit  

Congestion is a condition reached when a new vehicle enters into the traffic 

flow , increasing the travel time for  other vehicles (Bull & Thomson, 2002). 

Congestion costs can increase more rapidly than traffic growth.  
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Congestion, delays in trips, and other similar causes may frustrate 

commuters. However, two situations may partially cause those frustrations: 

the increase in the number of vehicles and the design, structure, and capacity 

offered by cities. The congestion may affect the main characteristic offered by 

cars: the ability to provide a door -to-door service. It may deteriorate the work 

performance of those who use a car, even more for people who use it as a 

work tool.  This externality can even affect the economic efficiency of a 

country.  

Regarding the increase in traffic , the number of private vehicles depends on 

the increase in salaries, but this increase also depends on other factors, for 

example, the price of cars, insurance, parking, garage availability , level of 

frustration due to traffic, other cheaper modes of transportation, and changes 

in travel habits or patterns. Regarding f reight vehicles, the increase in 

vehicles will depend on the utility of this transportation mode for companies.  

The excessive growth of cars generates a decline in the transit of the spiral 

type. This process is known as the ɁÝÐÊÐÖÜÚɯÊÐÙÊÓÌɯÖÍɯ×ÜÉÓÐÊɯÛÙÈÕÚ×ÖÙÛÈÛÐÖÕɂ 

(see, for example, Ortúzar & Willumsen, 2011). 

 

%ÐÎÜÙÌɯƕȭƕȭ "ÈÙɪÈÕËɪÛÙÈÕÚÐÛɯÝÐÊÐÖÜÚɯÊÐÙÊÓÌȭ 

Source: Adapted from Ortúzar and Willumsen (2011). 

According to the vicious circle (Figure 1.1), economic growth encourages 

people to buy more cars. Therefore, new car owners will leave  the transit 

system and use their cars. Transit operators will increase fares, reduce 
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frequencies (level of service), or both. The transit is thereby less attractive 

than before. After a few years, the city will face increasing congestion, delays 

in transit ve hicles, a rise in operating costs, and new fares for transit users. 

Finally, the traffic system will be more attractive, and other peop le will prefer 

buying new cars. 

This consequence is only possible to reverse with the implementation of 

measures (management or planning) to encourage the use of transit and, in 

parallel, discourage the use of cars. Moreover, cities must accommodate 

traffic and transit,  minimizing system cost without deteriorating the 

environment.  

Quality and l evel of service 

In a decision-making process of transit services, a potential user will consider 

at least one or a combination of the following attributes of a public 

transportation system: reliability, waiting time, security concerning walking, 

waiting, and riding, trip comfortability,  trip cost, number of transfers, and 

travel time considering all stages of a trip.  

The design of transit networks should consider the above operating factors. 

It is worth mentioning that decisions in the urban planning process usually 

do not consider those factors. Some factors are more accessible to incorporate 

into urban planning than others. This dissertation includes most of those 

factors but does not consider specific operating variables, i.e., security and 

comfortability.  

The ɁØuality of service reflects the passengerɀs perception of transit 

×ÌÙÍÖÙÔÈÕÊÌɂɯ(TCQSM, TRB, 2013). Two factors classify the quality of transit  

services: transit availability  and transit comfort and convenience. The former 

determines whether a transit system is a feasible option for a trip ; the latter 

measures passengersɀ comfort and convenience for a transit system. Transit 

comfort and convenience only have relevance if a transit service is available. 

Thus, public transportation will only be an option for a trip, as long as the 

transit satisfies the following four factors of availabili ty: 

-  Spatial availability: A passenger can access a transit service, i.e., the service is 

available near the origin and destination, 

-  Temporal availability: A passenger has an available service when he/she 

begins his/her trip , including the return trip,  

-  Capacity availability: A passenger has sufficient space at a stop/station, on a 

vehicle, and in facilities of a transit system, and 
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-  Information availability: A passenger can obtain data about how to use a 

transit system. 

This dissertation studies the design of transit networks , considering the first 

three factors assuming a passenger has information  availability  of a transit 

system. This research will incorporate these factors through decision 

variables or constraints of the problem.  

In traffic  (HCM, TRB, 2010), there are two criteria for characterizing t raffic 

flow conditions : quality and level of service. The former requires quantitative 

measures, in which d emand is one of the leading indicators to measure 

traffic:  vehicles arriving,  traffic flow , discharging, and others. On the 

contrary, the level of service of a road (LOS) is a qualitative measure that 

describes the operational conditions. Six states define a level of service, i.e., 

speed, travel time, traffic interruptions, freedom to maneuver, comfort , and 

convenience. Letters A to F characterize the level of traffic , i.e., LOS A 

represents the best-operating conditions , and LOS F represents the worst  

conditions  (TRB, 2010). Thus, urban planning must incorporate some traffic 

conditions to transit system s, particularly the components that affect road 

network design , i.e., average flows, capacity, structure shape, spatial location, 

and others. 

1.1.2. Consequences on urban  systems 

Cities have been spreading out for  decades. In transportation, several reasons 

support this assertion, e.g., cars provide freedom of movement in a city. A 

road network is a connex graphɭthere is at least one path between two 

pointsɭin which a rational driver will choose the shortest path (minimum 

travel time  in a congested system). That freedom and the increase of speed 

have extended driving time during their journeys, e.g., longer commuting.  

The extensive use of automobiles affects the urban form , causing urban 

sprawl (urban dispersion), among other consequences. Figure 1.2 shows the 

vicious circle of consequences that generate congestion in a city. 

Congestion generates impacts on the environment and, at the same time, the 

pressure to increase road capacity. Thus, cities invest in infrastructure to 

reduce travel times, e.g., the construction of freeways. The new capacity often 

generates a reduction of friction to mobility, and new users change their 

modal choice to private transportation.  
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%ÐÎÜÙÌɯƕȭƖȭ 3ÏÌɯÝÐÊÐÖÜÚɯÊÐÙÊÓÌɯÖÍɯÊÖÕÎÌÚÛÐÖÕȭ 

Source: Adapted from Rodrigue et al. (2017). 

This new scenario and other components promote urban sprawl in cities. One 

component is parking. Due to the scarcity of urban land, parking in central 

areas is more expensive than in the periphery. This factor only thereby 

justif ies that cities have spread out in the last decades. 

The answer is neither clear nor unequivocal  between concentrated urban 

areas (high density) and scattered (low density). The dispersion can quickly 

become sprawl whether  automobiles are the center of mobility in a cit y. New 

urbaniz ationsɭnew cities or extensions of existing areasɭmust adopt new 

forms based on transit services. The infrastructure could adapt it, or it could 

maintain a balance between both components. 

The growth of population, the number of cars, and the urban sprawl cause 

congestion. This consequence has limited the benefits of investments made 

for the reduction of travel times.  

1.1.3. Management  and planning  

The solution depends on the type of problem, the budget, and the period of 

implementation : short-term and long-term planning . 
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TSM/TDM 

Some strategies allow  solving  conflicts between transportation and urban 

problems, i.e., TSM/TDM strategies. 

-  Transportation systems management (TSM): Strategies of relative ly  low cost 

developed during the ȿƛƔÚ for improving a  transportation system. TSM 

actions can influence supply and demand for encouraging the efficiency, 

safety, capacity, or LOS of a transportation system without increasing the 

infrastructure size or other expensive large-scale actions (Schoon, 1996). 

Some strategies aim for traffic signal improvements, intersection 

improvements, intelligent transportation systems, and others.  

-  Transportation demand management (TDM) : Strategies that increase the 

productivity and efficiency of a transportati on system, modifying demand 

behavior (Ferguson, 2018). TDM strategies encourage the increment of car 

occupancy, modal change to transit , and reducing congestion, e.g., moving  

car trips outside of rush hour, carpooling, non-motorized travel, parking 

management, financial incentives, and others. 

Both types of strategies have implement ations in the short or medium term. 

In both previous cases, the objective of these strategies is to optimize the use 

of existing infrastructure, these even require certain minimum infrastructure 

conditions, so there will be positive effects on transportation.  

Spatial  planning instruments  

The development of spatial planning instruments  (SPI) materializes urban 

planning in cities. These instruments are norms, plans, or even strategies that 

encourage positive transformation actions  on a territory . The actions work 

over public and private entities, and these have a medium-to-long-term goal. 

The Chilean regulations identify three types of instruments: normative, 

indicative , and exceptional protection zones, e.g., urban development  plan, 

urban regulatory plan, the master plan of transportation, and others (Precht, 

Reyes, & Salamanca, 2016). 

In urban planning , UN countries agreed on the ɁNew Urban Agenda ɂ (NUA) 

at the Habitat III conference (2016). NUA will serve as a guide for 

urbanization from 2016 to 2036. Therefore, UN countries committed to  

Ɂȱpromoting the development of urban spatial frameworks, including 

urban planning and design instruments that support sustainable 
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management and use of natural resources and land, appropriate 

compactness and density, polycentrism, and mixed usesȱɂ (Chapter 51) 

Ɂȱadopting a smart-city approach that makes use of opportunities from 

digitalization, clean energy, and technologies, as well as innovative 

transport technologiesȱɂ (Chapter 66) 

Ɂȱpromote integrated urban and territorial planningȱbased on several 

principles of equitable, efficient and sustainable use of land and natural 

resources, compactness, polycentrism, appropriate density and connectivity, 

and multiple uses of space, as well as mixed social and economic uses in 

built-up areas, in order to prevent urban sprawl, reduce mobility challenges 

and needs and service delivery costsȱɂ (Chapter 98) 

The present dissertation takes into account these principles of urban planning 

for the development of modeling of transportation systems.  

1.2. Justification  of the research  

A standard  question emerges for old or new cities, for concentrated or 

dispersed cities, or any other type of city: 

How is it possible to adapt the infrastructure and all land 

usesɭresidential and non-residentialɭto meet the needs 

of people who want to travel for any purpose and mode?  

The answer to this question promotes a balanced network design between 

the distribution of population and land uses and its infrastructure.  

In the salient book called Urban Networks-Network Urbanism (2008), Gabriel 

Dupuy  criticizes the role of traditional urbanism  in current cities. The author 

promotes an integral city -mobility approach . This new interdisciplinary 

approach focuses its theory on articulating  urban space through the concept 

of network , i.e., networks generate their spatial organization , and these 

continually  evolve. 

This new approach has a direct connection between urbanism and network 

operability.  The transportation system and the urban system must have a 

connected operation because both depend on the other. Thus, a planner 

should take a similar role as a network operator to solve an urban problem 

correctly. Therefore, traffic and transit are an essential part of an urban 

planning problem.  
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The above means that spatial components in transport ation components are 

essential and urban planning requires planning instruments  for its 

implementation over a region. The planning instruments can be normative, 

indicative , or investment portfolios.  The elaboration of these instruments 

needs studies to define the quantity and type of infrastructure  for a town . 

Since these plans are long-term, the design of the infrastructure network is a 

crucial factor. Hence, these new methodologies contribute  to engineering and 

urban planning.  

Urban planning must consider that a  city needs to meet a minimum of 

physical conditions to be satisfied in order to maintain an adequate level of 

urban mobility and transportation  by considering heterogeneous demand. 

Conditions include, e.g., urban size, location, and size of the central business 

district (CBD), the proportion of public space destined for transportation 

relative to  the built space, the spatial distribution of land uses, and 

population density, among others. If a city does not meet these minimum 

physical conditions, the transportation supply must adapt to the demand or 

vice versa. Thus, TSM and TDM strategies could guarantee an adequate level 

of urban mobility. However, all TSM  and TDM management strategies also 

require minimal i nfr astructure conditions for their  success. 

Policies and strategies may be favorable and improve urban mobility as long 

as the network design and infrastructure supply enable it . In this way , in the 

design and infrastructure supply , the decision variables of a transportation 

problem can simultaneously restrict  a transportation systemɀÚɯÈÉÐÓÐÛà to 

achieve efficiency in urban mobility.  

1.3. Thesis objectives  

Spatial planning instruments require several studies to determine the 

infra structure needs considering the demand of a city. This research aims to 

develop a macroscopic method to identify the infrastructure needs that 

sustain an adequate level of service for urban mobility  and transportation . 

The proposed methodology based its formulation on analytical models to 

deduce the critical  components of a network structure.  These key 

components must ensure the critical conditions of the private and public 

transport ation infrastructure.  

Therefore, the dissertation focuses its investigation  on urban design based on 

functionality, the role of demand, and the effects of design on the urban 
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structure. In this case, the demand spatially varies over a city in volume, 

extension, and spatial heterogeneity. In the framework of a non-

homogeneous demand pattern, the networks should adapt to different 

scenarios of distribution of demand. Thus, these network-adapted 

configurations have to be in balance with the agencyɀs costs. 

The research has four specific goals based on the main objective. Therefore, 

the investigation also requires: 

-  Develop an analytical model  that replicat es the system operation for  public 

and private urban transportation in a radio-centric city with radial and 

circular routes/roads. The model must identify the optimal configuration of 

inf rastructure in a city by considering a non-homogeneous demand pattern 

and balancing users and agency costs. This model allows identif ying the 

critical variables of a transpor tation system for efficient mobility.  

-  Determine optimal characteristics  for an adequate design of urban 

networks  considering the urban form  and structure. The methodology 

focuses on a concentric city considering the functionality in designing a 

primary transportation network regarding urban form . The analysis focuses 

on urban density, transportation systems, a central business district, and 

subcenters regarding urban structure. 

-  Apply the methodology to  two  policies considering different levels of 

analysis . The analysis focuses on subcenter analysis and the implementation 

of autonomous vehicles. Mainly , the selected policies respond to two types 

of transportation: traffic and transit . Moreover, the policies have effects on 

transportation, urban planning,  and the interaction of both. 

-  Evaluate the theoretical analysis proposed in the previous points and apply 

it to a radio -centric city  such as Santiago, Chile. 

1.4. Dissertation outline  

The thesis document continues with five chapters: state of the art, modeling, 

analysis of infrastructure and urban mobility, applications, and conclu sions. 

Finally, the document ends with a list of references and appendices. 

The next chapter presents state of the art, which contains a revision of 

previous investigations about four topics: urban form, urban structure, the 

design of transportation networ ks, and a method of modeling. Finally, the 

chapter ends with a summary of the analyzed contents. 

The third chapter includes the modeling of urban mobility and network 

design. This chapter has five parts: demand modeling, development of the 
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modeling of a tr ansit and traffic system, methodologies for the discretization 

of solutions, and finally, the global summary of this chapter.  

In the fourth chapter, the research applies theoretical models in standard 

cases in order to analyze the infrastructure and urban mobility and the 

physical conditions for  adequate mobility.  

The chapter of application in some policies presents the results obtained from 

theoretical models applied in two  policies: implementation or urban 

subcenters and analysis of autonomous-vehicles effects. 

The sixth chapter presents the application to a real case for Santiago (Chile). 

Finally, the research document presents conclusions and future research on 

this subject. 
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2. State of the Art  

In the literature, scholars have a widespread agreement on the mutual 

influence between land use and mobility. Acheampong and Silva (2015) 

thereby identified several studies in which urban structural variables  

statistically influence mobility behavior.  

Regarding this point, Vukan Vuchic (2007) acknowledges that transportation 

systems have affected urban systems. 

ɁA review of historic developments will show how long-distance 

transportation had a major role in determining the locations of cities; how 

their size has been influenced by both long-distance as well as local, 

intraurban travel and transportation systems; and how the latter has 

affected the urban form (shape of urban area and its basic transportation 

network) and urban structure (distribution of land uses and population 

densities).ɂɯȹ×ȭɯ1) 
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Similarl y, Rodrigue et al. (2017) also identify both components  (Figure 2.1). 

The spatial imprint of a  transport ation system and its physical infrastructures  

define an urban form . The connections between the urban form and their 

interactions among people, freight, and information define a n urban spatial 

structure. From this, scholars may evaluate how a specific urban structure 

can change or adapt to a specific transportation system and vice versa. 

 

%ÐÎÜÙÌɯƖȭƕȭ (ÕÍÓÜÌÕÊÌɯÖÍɯÛÙÈÕÚ×ÖÙÛÈÛÐÖÕɯÚàÚÛÌÔÚɯÖÕɯÜÙÉÈÕɯÊÖÔ×ÖÕÌÕÛÚȭ 

Source: Adapted from Rodrigue et al. (2017). 

It is worth mention ing that  an urban transportation system has four primary  

sub-systems: transit, traffic, logistics systems, and personal mobility . The 

latter has had remarkable growth during the last decade. The present 

dissertation only models the two first transportation sub -systems. 

The previous definitions structure the present chapter. It has five parts: 

analysis of urban form (2.1) and urban spatial structure (2.2), the design of 

transportation networks (2.3), a description of modeling methods (2.4), and, 

finally, the summary of this chapter ( 2.5). 

2.1. Urban form: shape and transportation network s 

According to Vuchic (2007) and Rodrigue et al. (2017), two components 

define an urban form : the urban shape and essential transportation network s. 
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2.1.1. Urban shape 

The first cities did not have any planning or, in some cases, a few rules 

defined a minimal layout in ancient cities, which  had an orientation to 

walking  mainly . Therefore, cities were compact with  activities agglomerated 

in mixed uses. Many modern cities inherited this morphology  in which 

walking and cycling join a high percentage of the modal partition, e.g., 

European cities and Eastern Asian cities. Australian, Canadian, and 

American cities have encouraged the use of private transportation. On the 

other hand, Latin American cities were their origins defining  a grid center, 

but those grew expansively without  strengthened planning  (Rodrigue et al., 

2017). 

Transportation and its evolution have generated changes in the shape of 

cities. Technological changes in public and private tran sportation have 

allowed users to move away from historic al city centers. In terms of 

infrastructure, agencies began to build  radial and ring /circular  roads, which 

promoted the development of suburbs. Simultaneously, new clusters that 

group activities define d a polycentric structure ; thus, commuters did  not only 

travel  to the CBD. Also, distribution centers appeared in the suburbs to 

generate new connections for a city, a region, and the world (Rodrigue et al., 

2017). 

Transportation modes in a city simultaneously define the urban and network  

shape. Snellen et al. (2002) identified six basic shapes basing on previous 

investigations (Figure 2.2). 

 
(a) Circular/c oncentric city  

 
(b) Lobe city 

 
(c) Linear polynuclear city  

 
(d) Concentric polynuclear city  

 
(e) Linear city  

 
(f) Grid city  

%ÐÎÜÙÌɯƖȭƖȭ ,ÖÙ×ÏÖÓÖÎÐÊÈÓɯÜÙÉÈÕɯÚÏÈ×ÌÚȭ 

Source: Snellen et al. (2002). 
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A circular or concentric city ( Figure 2.2(a)) may grow from a small historical 

center to outer along radial roads, which connect the city to other cities. When 

a city grows, new dwellings and activities use the space between those radial 

roads. Often, these cities combine radial, ring roads, and even grid networks 

in the city center. Many cities have a radio-centric structure, e.g., Moscow, 

Milan, Canberra, Chengdu, and Santiago of Chile (Medina -Tapia & Robusté, 

2019b). Otherwise, some cities have similar forms, e.g., semicircular cities 

have a center very close to the coastal edge. 

A lobe city (Figure 2.2(b)) may have a similar origin  to the previous case, but 

some areas between radial roads do not have any building s (e.g., Eindhoven). 

A linear polynuclear city or concentric polyn uclear city (Figure 2.2(c) and (d)) 

comes from small settlements in a natural or planned way (e.g., Almere). A 

linear city may be an extreme version of a grid city (Figure 2.2(e)). A grid city 

(Figure 2.2(f)) may have a square or rectangular shape (e.g., Haarlem). These 

cities have their  origin in planning , promot ing a high mobility role (Snellen 

et al., 2002). 

In the literature, many academic publications analy ze the optimum size of 

cities and CBDs. It is worth mentioning the works of  Mills and de Ferranti 

(1971), Solow and Vickrey (1971), Solow (1973), and Sheshinski (1973). 

2.1.2. Basic transportation network s 

Nodes and linkages functionally articulate a network. Nodes represent 

physical elements (e.g., intersections, stations, airports) or sets of economic 

activities (e.g., residential neighborhoods, financial centers, commercial 

zones) depending on the hierarchy and the scale of analysis (macro, meso, or 

microscopic). A link can represent from streets to railways depending on 

modes, hierarchy, and the analysis scale in which linkages contain the flow 

between two nodes (Rodrigue et al., 2017). 

For road networks, Snellen et al. (2002) defined five basic types (Figure 2.3(a)-

(e)). The former is the central element of a linear or grid city. The radial 

network  allows direct access to the city center, although this network type 

also has congestion problems. The ring network may concentrate traffic to 

reduce it on nearby roads, i.e., many city centers have a ring road around it. 

Roman cities implemented grid stre et patterns from the first centuries. This 

pattern may optimize the accessibility of a city. The standard and shifted 

grids provide many route options to disperse traffic on many streets, 

although it presents many intersections in a road system. 
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(a) Linear network  

 
(b) Radial network  

 
(c) Ring 

 
(d) Grid  

 
(e) Shifted grid  

 
(f) Curvilinear 

network  

 
(g) Cul-de-sac pattern 

%ÐÎÜÙÌɯƖȭƗȭ 3à×ÌÚɯÖÍɯÌÓÌÔÌÕÛÈÙàɯÛÙÈÕÚ×ÖÙÛÈÛÐÖÕɯÕÌÛÞÖÙÒÚȭ 

Source: Adapted from Snellen et al. (2002) and Rodrigue et al. (2017). 

Later, Marshall et al. (2010) proposed three types of street networks (Figure 

2.3(d), (f), and (g)): grid, curvilinear, and cul -de-sac street pattern. Private 

transportation promot ed trips i n cars. Therefore, some cities changed their 

network from a grid to a curvilinear pattern. Curvilinear pattern s reduce 

connectivity and population density. Cul -de-sac pattern aisles a set of 

connected streets, in which some of those have a connection to the main road. 

This pattern is typical in a peripheral zone for  reducing non-local travels, but 

it increases the number of trips and car consumption.  

On the other hand, public transport ation networks mix infrastructure and 

operation. Thompson (1977) compared four types of transit  networks : radial, 

ubiquitous, grid , and timed transfer. In the first, a route connects each origin-

destination zone to the city center. In the second, there is a direct route 

between each origin -destination pair, and ÐÛɯÐÚɯɁthe highest degree of a direct trip-

based systemɂ (Badia, 2016, p. 7). In the third, a route connects each origin-

destination pair . Finally, a timed transfer system connects the origin-

destination pair through several transfer p oints. The two last represent 

transfer-based schemes. Recently, Badia (2016) review ed outstanding 

bibliographical references on public transport ation networks  identifying 

seven transit network shapes: linear, parallel lines, hub-and-spoke, radial, 

ring -radial, grid, and hybrid.  

Therefore, for this dissertation,  elementary public transportation networks 

present three main categories: linear, radial, and grids . 
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First, a linear network is the most basic network  and has three sub-classes: 

corridor -route, route-and-feeder, and parallel-line schemes (Table 2.1). In the 

former sub-class, authors determine the optimal stop spacing on a transit 

corridor (e.g., Saka, 2001). Medina et al. (2013) simultaneously determine the 

stop density (spacing) and frequency on a corridor.  In the second sub-class, 

other authors simultaneously optimize a route and its feeder routes. For 

example, Wirasinghe (1980) optimize s a rail route and a feeder system on a 

rectangular grid. Kuah and Perl (1988) optimize feeder bus routes and bus-

stop spacing on a corridor. In the latter class, papers model parallel lines of a 

transit system. Byrne (1976) models a transit system in a rectangular city 

where the commercial speed is not the same for all the lines. Thus, users do 

not choose the closest route if that route is slower than other routes. 

3ÈÉÓÌɯƖȭƕȭ /È×ÌÙÚɯÉÈÚÌËɯÖÕɯÓÐÕÌÈÙɯÊÖÙÙÐËÖÙÚȭ 

Corridor route  Route and feeder Parallel lines  

Saka (2001) 

 

Medina -Tapia et al. (2013) 

Wirasinghe (1980) 

 

Kuah and Perl (1988) 

Byrne (1976) 

Source: Based on Badia (2016). 

Second, a circular-radial street pattern  has works grouped in three categories: 

radial, ring -radial, and hybrid radial networks  (Table 2.2). 

3ÈÉÓÌɯƖȭƖȭ /È×ÌÙÚɯÉÈÚÌËɯÖÕɯÙÈËÐÈÓɯÕÌÛÞÖÙÒÚȭ 

Radial  Ring -radial  Hybrid radial  

Byrne (1975) 

 

Tirachini et al. 

(2010) 

Chen et al. (2015) Vaughan (1986) 

 

Nourbakhsh 

(2014) 

Badia et al. (2014) 

Source: Based on Badia (2016). 

Radial networks are a type of direct trip -based structure (Byrne, 1975; 

Tirachini et al., 2010). In this way, Byrne (1975) optimized the combination 

between route location and headway on a radial transit system. Tirachini et 

al. (2010) compared transit technologies (bus, tramway, and metro) 

considering a ÊÐÙÊÜÓÈÙɯÊÐÛàɀÚɯÙÈËÐÈÓɯÚcheme and CBD. For several scenarios, 

the results show that bus rapid transit (BRT) is the best alternative. 

Considering ring -radial networks , Chen et al. (2015) proposed two models; 

one of them considers a ring-radial structure with a city center that has 

double coverage, but the periphery only ha s radial routes. In this system, 
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users can travel on radial services without any transfers (direct trip -based 

system). On the other hand, some authors analyze transfer-based systems. 

Vaughan (1986) design a ring-radial network considering a many -to-many 

demand through  a continuous function for representing the commuting trip 

demand. More recently, Nourbakhsh (2014) proposed several procedures for 

designing transit networks taking into account low and het erogeneous 

spatial demand. 

Some hybrid networks consider  a radial structure. Badia et al. (2014) analyze 

a scheme in which a radial/circular system operates in a central area, and a 

hub-and-spoke system serves to the periphery (transfer-based system). 

3ÈÉÓÌɯƖȭƗȭ /È×ÌÙÚɯÉÈÚÌËɯÖÕɯÎÙÐËɯÕÌÛÞÖÙÒÚȭ 

Radial  Grid  Hybrid grid  

Badia et al. (2016) Holroyd (1967) 

 

Aldaihani et al. 

(2004) 

Chen et al. (2015) 

 

Badia et al. (2016) 

Daganzo (2010) 

 

Badia et al. (2016) 

Source: Based on Badia (2016). 

Third , grid networks  have three types of transit schemes: radial, grid , and 

hybrid structure s. Some of them are direct trip -based or transfer-based 

systems (Table 2.3). 

Daganzo (2010) proposed a model that combines a grid and the hub-and-

spoke structure (hybrid grid) on a square region with a homogeneous 

demand. The objective function has two components: agency and user costs. 

It has three decision variables: central grid size, stop or route spacing, and 

headway. After modeling, user costs dominate over operational costs. The 

results point that if the infrastructure is expensive, a hub-and-spoke structure 

is more attractive considering bus-stop spacing; thus, the distance between 

routes must keep a critical threshold.  Moreover, BRT is an adequate system 

in cities with medium to high density . 

Recently, Badia et al. (2016) analyze four types of grid structure: radial, direct 

tr ip -based, transfer-based, and hybrid structure s. The results show that a 

radial network is more suitable in concentrated cities , the direct trip -based 

system is more attractive in cities with intermediate degrees of dispersion , 

and a transfer-based structure is the best option if activities are decentralized. 
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Also, other authors analyze grid networks. Aldaihani et al. (2004) proposed 

a model to design a hierarchical transit system, which combines fixed routes 

and on-demand services on a grid network. 

2.2. Urban spatial structure: land -use and population densities  

Urban areas contain the majority of social and economic activities. If trips  to 

those activities are obligatory , the number of trips will be  predictable. Other 

trips are not mandatory,  in which the production depends on  regular 

personal activities or special needs. Moreover, production activities related 

to manufacturing a nd distribution (i.e., freight transportation ) also produce 

many city travels . Therefore, transportation and land use have an 

interrelation due to the type, location, and interaction of urban activities.  

The use of urban land is highly heterogeneous, and a transport ation system 

partially configures this heterogeneity. Central areas of a city have high levels 

of spatial clustering s, such as retail, while peripheral areas have lower levels 

of clustering corresponding to residential and storage zones. 

2.2.1. Land-use concentration and urban densities  

Transportation and land us e have a reciprocal relation, and their imbalances 

generate mutual  effects as well. Therefore, the effects of this imperfect 

distribution of land use on a ter ritory will affect the efficiency  of 

transportation systems in an urban system. 

Concentration of activities  

Four categories of urban spatial structure s define the distribution of activities 

in a city, depending on centralization and clustering (Rodrigue et al., 2017). 

-  Centralization: It is a spatial configuration of activities regarding an entire 

urban area. A centralized city has many of its activities in the city center, 

while a decentralized city does not. 

-  Clustering: It is a spatial configuration regarding a specific part of an urban 

area. Around a specific point concentrates a group of activities (cluster), e.g., 

a smaller town  that the expansion of a metropolis absorbed. 
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%ÐÎÜÙÌɯƖȭƘȭ 4ÙÉÈÕɯÚ×ÈÛÐÈÓɯÚÛÙÜÊÛÜÙÌÚɯÊÖÕÚÐËÌÙÐÕÎɯÛÏÌɯÓÌÝÌÓɯÖÍɯÊÌÕÛÙÈÓÐáÈÛÐÖÕɯ

ÈÕËɯÊÓÜÚÛÌÙÐÕÎȭ 

Source: Rodrigue et al. (2017). 

Figure 2.4 represents the classification of urban structures, considering the 

level of centralization and clustering . Case A is a centralized and grouped 

scheme that concentrates activities close to each other in a city's central area. 

Case C is a relevant scenario in which territories have decentralized activities 

but maintaining a high level of grouping ( a multicentric or polycentric city).  

Dispersion of cities 

Many cities currently suffer a dispersed gr owth called urban sprawl. In some 

cases, the consequences are fast and uncontrolled. Cities are thus growing 

horizontally ɭexpansive growth ɭin which the increase of cars plays a 

decisive role in this process. On the other hand, the decentralization of 

activities occurs because travel time remains stable, even if travel distance 

increases by car or transit  due to new technological development in 

transportation.  

From these concepts, three types of urban development are therefore 

identified regarding c oncentrated cities or disperse cities: compact city, 
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polycentric development, and dispersed development (Wegener & Fürst, 

2004). 

-  Compact city : This type of city involves the inten sive use of land, which has 

a monocentric urban structure and minimizes t he expansion of urbanized 

areas, thereby protecting  the environment and rural areas. 

-  Polycentric development: This urban strategy implies a development with a 

high density around employment and business centers in the suburbs. The 

Ɂdecentralized concentrationɂ is because large compact cities are not 

efficient due to high-energy consumption, high congestion levels, and a 

critical accumulation of environmental pollution in the city.  

-  Urban sprawl: Many people prefer to live in single -family homes and do not 

like mobility restrictions.  Considering this, people inhabit houses beyond 

the outer edge of a city, and the city grows scattered. This type of urban 

development can be planned or spontaneous, but the latter is a common 

consequence of unsatisfactory urban planning. 

The above is a classification of cities, but also those are strategies or policies 

defined in an urban plan. Regarding the dispersion of cities, many factors 

generate the development of suburbs: low cost of land, availability of large 

areas to urbanize, the environment, safety, and the benefits of cars and 

services oriented to cars (e.g., strip centers and malls). With the expansion of 

urban areas, the agencies build ring roads around major cities. Moreover, 

many cities develop multi -centers creating peri-urban areas outside of the 

urban nucleus and even suburbs. 

Portugal et al. (1996), based on Smeed (1968), stresses that a continuous 

extension of the infrastructure supply is irra tional in a congested network. 

Moreover, the authors emphasize that road space should consider the land 

as a scarce resource, in which a city must orient the public space to public 

transportation , gradually  restricting private transportation and promoting 

intermodality through a park -and-ride strategy. 

Urban density  

Population density is one of the factors that define the urban structure of a 

city, existing an indirect  connection with the building height.  Unfortunately, 

few works have addressed the analysis of population density and height of 

building s, and some have an engineering approach. Solow (1972) developed 

an equilibrium model  between residential density and the income for a 

monocentric city considering transport ation costs. Brueckner et al. (2015) 

analyze the effect of height restrictions on the value of land -use. 
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2.2.2. Transporta tion and land -use interaction  

The relation between transportation and land -use has many theoretical 

approaches: location and distance influence the organization of spatial 

elements and their activities. Rodrigue et al. (2017) present a preliminary 

classification of models considering transportation, population, and land 

uses. 

-  Early models: This category includes classic models, e.g., Von ThunenɀÚɯ

model of land use proposed in the 19th century . The model has its basis on 

a central place and its concentric impacts on land use of the surrounding 

land. Subsequently, Weber proposed an industrial location model at the 

beginning of the 20th century . His model minimizes  total transportation 

costs to access raw materials and transfer production to the market. 

-  Concentric urban land uses: Burgess proposed one of the first models of this 

type in 1925. This model was an adaptation of Von ThunenɀÚ model. The 

objective was to model social classes, but the model also considered both 

transport ation and mobility. One of the conclusions was regarding the cost 

of daily trips. If improvements reduce travel costs, then more people can live 

further away , promoting urban expansion. 

-  Polycentric and zonal land uses: Sector and multiple nuclei of land-use models 

allow analyzing  this type of urban form , e.g., the influence of transportation 

corridors (Hoyt, 1939) and multiple  nuclei under  urban grow th (Harris and 

Ullman, 1945). 

-  Hybrid land uses: These models include concentric, sectorial, and nuclei 

behavior to explain the use of urban land , e.g., Isard (1955) analyzes the 

concentric effect of CBDs and subcenters and the radial effect of roads. 

-  Land use market: These models seek to explain land use as a market in which 

activities compete for land use in a location. Transportation and accessibility 

are explanatory factors of land rent. 

Spatial equili brium models have abundant literature , as Wegener and Fürst 

(2004) notes in their  paper of state of the art about land-use and 

transportation interaction (LUTI) . After that , Acheampong and Silva (2015) 

provide  an overview of some 60 years of research in the field of LUTI 

modeling. The authors emphasize that this type of modeling has challenges 

for its improvement. New  technologiesɭe.g., GIS, microsimulation, and 

othersɭhave enhanced this research field, although models must 

understand the uncertainty propagation over time. Investigations should 

deepen the models of demand for trips based on activities and practical 

models. It is relevant for integrating  the environment and the forecast of 

urban policies on climate change and energy shortages. Finally, 

methodologies need to measure accessibility. 
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For example, Wong (1998) developed a user-balancing model with traffic 

allocation for dense transportation networks and variable demand. Van 

Zuylen and Taale (2004) solved the traffic assignment problem for ring roads 

through game theory with tw o levels and three players with complete 

information. The authors also analyze different scenarios such as non-

cooperation, cooperation between authorities, and optimization of the 

system, minimizing a function of the total cost with  the cooperation among 

social actors. 

2.3. Design of transportation networks  

Dupuy (2008) points out that the analysis of the city -mobility approach 

should consider three dimensions: 

-  Topological dimension: This dimension encourages urban opening and 

decentralization, e.g., a ubiquitous network ensures the maximum 

connection in a city independent of  location, barriers, or limits.  

-  Kinetic dimension: This considers the speed of movements in a network. 

-  Adaptive dimension: The ability to adapt networks to needs demanded. This 

dimension ensures the permanence and long duration of the infrastructures.  

 

%ÐÎÜÙÌɯƖȭƙȭ "ÓÈÚÚÐÍÐÊÈÛÐÖÕɯÖÍɯÛÙÈÕÚ×ÖÙÛÈÛÐÖÕɯÕÌÛÞÖÙÒɯËÌÚÐÎÕɯ×ÙÖÉÓÌÔÚȭ 

Source: Based on Farahani et al. (2013). 

The planning process is fundamental  for the approp riate functioning of a 

transportation system. One of the first early stages of planning is the strategic 

design for any transportation structure. The urban transportation network 
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design problem (UTNDP) solves an entire hierarchy of decision-making 

processes in transportation planning ( Figure 2.5) in which the decisions may 

be strategic, tactical, and operational (Magnanti & Wong, 1984). UTNDP 

includes two sub-problems: the road network design proble m (RNDP) and 

the transit network design problem (TNDP) (Farahani et al., 2013). 

In the literature (Farahani et al., 2013), RNDP has three types of problems 

based on the addressed decisions: 

-  Discrete network design proble ms (DNDP) focused on discrete design 

decisions, 

-  Continuous network design problem s (CNDP) focused on continuous 

design decisions, and 

-  Mixed network design problem s (MNDP) combine continuous and discrete 

decisions. 

Discrete models are appropriate for current networks , although these require 

efficient algorithms to solve large problems.  On the contrary, continuous 

models are useful for finding fundamental relation s among variables 

(Miyagawa, 2018). 

Depending on the type of decisions (Farahani et al., 2013), TNDP contains 

five sub-problems: 

-  Transit route network design problems (TRNDP) solve the design of transit 

routes, 

-  Transit network design and frequency setting problems (TNDFSP) 

determine the design of transit routes and frequency of each bus route (R. 

Smith, 2014), 

-  Transit network frequencies setting problem s (TNFSP) solve the frequency 

setting for route system, 

-  Transit network timetabling problem s (TNTP) solve the timetable problem 

considering frequencies and routes given, and 

-  Transit network scheduling problem s (TNSP) solve the frequency and 

timetable decisions considering a route structure. 

This dissertation aims to determine spatial and temporary variables  for road 

and transit design considering strategic planning decisions. Therefore, the 

traffic problem is a continuous network design problem (CNDP) ; and the 

transit  problem is a transit network d esign and frequency-setting problem 

(TND FSP), which simultaneously determines routes and preliminary 

frequencies. Discrete and analytical model s can solve a TNDFSP (Ibarra-
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Rojas, Delgado, Giesen, & Muñoz, 2015), although parsimonious models 

contain interesting characteristics for strategic decisions. 

The parsimonious models are analytical models that rely on a few parameters 

and assumptions to study  macroscopic transportation systems (Daganzo, 

Gayah, & Gonzales, 2012). For example, in transit design, a diverse list of 

parsimonious models exists in the literature : Chang and Schonfeld (1991), 

Daganzo (2010), Estrada et al. (2011), Badia et al. (2014, 2016), and others. 

2.3.1. Transit system  

In this research line, a diverse and extensive list of works analytically 

analyzes the operation of public transportation systems. The investigations 

have their  basis on the classic articles of Vuchic and Newell (1968), 

Wirasinghe and Ghoneim (1981), Chua (1984), Jara-Díaz and Basso (2003), 

Jara-Díaz and Gschwender (2003a), Fielbaum (2019), and others. 

Additionally, several works on networks use a structure of polar coordinates 

developed by Haight (1964) and Smeed (1965, 1968). 

5ÈÜÎÏÈÕɀÚɯ×È×ÌÙɯ(1986) analyzes the behavior of a ring-radial network 

considering a many-to-many demand. A continuous function represents the 

commuting trip demand. The buses travel at a constant speed, and the model 

imposes a fleet-size constraint. 

Daganzo (2010) analyzes characteristics of shape and operation in order to 

provide a high level of competitiveness for a public transport ation network. 

The author models a square region with a uniform density , which combines 

a grid with a hub -and-spoke pattern. 

Badia et al. (2014) present an extension of the hybrid model formulated by 

Daganzo (2010). The modeling considers a ring-radial pattern in the central 

area and hub-and-spoke in the periphery. The model minimizes a cost 

function with  four decision variables: CBD size, headway, the spacing 

between routes, and stops. In this line, other works  are possible to mention, 

e.g., Foletta et al. (2010), Estrada et al. (2011), and Roca-Riu (2012). 

Chen et al. (2015) propose an analysis of urban networks using  two 

continuous approximations (CA) models , which minimize a cost function. 

The first case analyzes a city with a ring -radial structure, and the second case 

considers a grid structure for a transit system. Those models allow 
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determining the optimal size of  a CBD, the city border, time headway, and 

spacing of transit routes. 

More recently, Smith (2014) evaluates the impact of spatially heterogeneous 

demand over a hybrid transit system considering a transit network design 

with elastic demand. Ouyang et al. (2014) formulated a method based on 

continuum approximations , which  designs bus networks for an urban grid 

system with non -homogeneous demand. The model achieves improvements 

of 8% in numerical examples considering demand spatially  varies over a city. 

Moreover , Nourbakhsh (2014) proposed network design methods  to improve 

transit  systems, considering low and heterogeneous spatial demand. 

Unfortunately, these papers do not consider that time headways must vary 

considering local conditions within a city. Moreover, no works have 

expressed an analytical formulation representing the optimal transit 

infrastructure needs and adapting to spatially heterogeneous and non-

symmetric demand over a town. Finally, the discretization method is relevant 

if variables of a network spatially vary over a city depending on attributes of 

transit technologies needed: speeds and operating attributes, the capacity of 

vehicles and operation, frequencies, costs of capital, operation, and 

infrastructure of a transit system.  

2.3.2. Traffic system  

Traffic congestion is one of the most significant problems for cities, as Colin 

BuÊÏÈÕÈÕɯÈÚÚÌÙÛÌËɯÐÕɯÛÏÌɯȿƚƔÚɯ(Buchanan, 1963). Several strategies have an 

application  to smooth out congestion, most of them under the umbrella of 

transportation demand management  (TDM) . 

In previous  papers (Farahani et al., 2013), three main decisions analyze, 

considering a continuous network design problem (CNDP)  as a sub-problem 

of the road network design problem (RNDP) : determining road tolls, 

scheduling traffic light, and street capacity expansion. The first group 

includes works such as Yang (1997). The second group includes works such 

as Chiou (2008) and Ziyou and Yifan (2002). The third  group contains the 

majority of works  about road network design problem s (Farahani et al., 

2013), e.g., Mathew and Shrama (2009), Wang and Lo (2010), and González 

and Robusté (2011). 

In this research line, González and Robusté (2011) proposed a mobility 

management tool to determine the percentage of road space necessary for a 
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public transport ation system concerning private transportation considering 

congestion externalities. 

Furthermore, other author s analyze other decisions. An important decision 

is to define the hierarchy of a road network (Li, Chen, Wang, Lam, & Wong, 

2013; Miyagawa, 2018). 

Li et al. (2013) proposed a system equilibrium model to optimize a primary 

road network density . The model applied to a two-dimensional monocentric 

city considers four agent types: local authorities, housing agencies, 

households, and workers. The optimization model determines the density of 

main roads maximizing the social welfare of the system.  

Miy agawa (2018) proposed an analytical model to determine the optimal 

spacing between roads considering a hierarchical grid road network wit h two 

types of roads: minor and major roads. The travel time has two components: 

free travel time and the delay at road intersections. Moreover, the model is 

useful for designing  hierarchical road network s. This model optimizes the 

average travel time and analyzes trade-offs between the travel time on types 

of roads. According to  its results, several variables affect the optimal road 

pattern, e.g., the road length, the intersection delay, the travel speed, and the 

city size. Moreover, the model analyzes the effects on the accessibility to 

primary roads and intersections. Finally, the author applied the model to 

Tokyo city.  

The article writes by Tsekeris and Geroliminis (2013) uses the Ɂmacroscopic 

fundamental diagram ɂ (MFD) to analyze the relation  between traffic and 

land use applied to a concentric city. 

Finally , a few contributions analyze the traffic network design considering 

spatially, non -homogeneous demand using the continuous approximation 

method. This dissertation concentrates its work on these contributions. 

2.4. Methods of modeling  

Daganzo, Gayah, and Gonzales (2012) analyze parsimonious models and 

their importance, considering these formulations rely on a few assumptions 

and have few degrees of freedom or input parameters. 

Ibarra-Rojas et al. (2015) describe a list of transportation problems 

considering their scale, i.e., strategic, tactical, and operational planning 
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decisions. According to strategic decisions in network design, discrete and 

continuous methods can solve transportation problems , although this 

assertion extends the analysis to any strategic planning decision. 

2.4.1. Parsimonious models  

Classical models play an essential role in the research and technical 

development of transport systems in many citi es. The next list presents a 

summary f rom the discussion of attributes of these models made by Daganzo 

et al. (2012): 

-  The amount of data increases with the size of a system. 

-  The included information is ultimately unknowable (e.g., detailed time -

dependent origin -destination data of trips).  

-  It requires computers and sophisticated numerical methods. 

-  The models are less transparent and difficult to verify . For this, accessing the 

machine code is necessary. 

-  Detailed models might give  the user a false sense of precision. 

-  It is difficult to separate noise in the output from the m eaningful relations  

that are of interest. 

-  The models are most useful for  evaluating  specific policies or small solution  

spaces. 

Parsimonious models are analytically tractable (it is easy to work), physically 

realistic (it is consistent with real -world behavio r), and conceptually 

insightful (it reveals fundamental properties of the analy zed system). 

Therefore, the model is an effective parsimonious model. Useful 

parsimonious models are appropriate to ËÌÚÊÙÐÉÌɯÛÏÌɯɁÈÎÎÙÌÎÈÛÌɯÉÌÏÈÝÐÖr of 

large systems with many agenÛÚɂɯ(Daganzo et al., 2012) and can be obtained 

in two ways: analytical f ormulation and  experimentation.  

The main advantage is that parsimonious models change complicated 

models with integer variables and uncertainty into much easier models with 

continuous variables and differentiable functions.  Effective parsimonious 

models have five benefits: fewer data needs, reduced computational 

complexity, i mproved system representation, transparency, and 

insightfulness. The last one may help to identify simple and effective policies. 

Several examples use these models in transportation, at least in eight sub-

areas: regional and urban economics, traffic flow, queuing theory, city 

planning, network dynamics, public transportation, logistics, and 

infrastructure management.  
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According to Daganzo  et al. (2012), it is necessary to advance numerical 

solutions, and advanced numeric techniques may refine preliminary results 

of transportation strategies through empirical experiments  and other 

techniques. 

2.4.2. Continuous approximation method  

The continuous approximation method  (CA) solves the problem on a local 

cost basis using variables that are densities (Daganzo, 2005). Gordon Newell 

proposed the CA method , according to Daganzo (2005). Newell formulated 

a continuous model that obtains the optimal bus schedule of departures from 

a bus depot, in which the demand function is considered continuous (1971). 

If there is no perfect information, such as passenger arriv als, traffic 

conditions, and others, it is possible to model with smooth and continuous 

functions because the information is not accurate (Newell, 1973). These are 

common conditions in the design of networks. The CA method assumes the 

following conditions: the input data varies slowly over the domain; the total 

cost is the aggregation of small sub-region costs, and their constraints depend 

on the characteristics of these sub-regions (Daganzo, 2005). 

The CA method  solves a total cost function, which  depends on local 

attributes. It substitutes the optimization of discrete variables for  continuous 

density vari ables. The method works well when the function does not change 

rapidly (Daganzo, 2005). 

The cost functions are continuous, including a  local cost (ὸὧὶȟ—) for each city 

point  ὶȟ— in polar coordinates. The total cost (Ὕὅ) comes from integrating  a 

local cost function on the circular city region of a radi us Ὑ (Equation 2.1). 

Ὕὅ ὸὧὶȟ— Ὠὶ ὶ Ὠ— ( 2.1 ) 

The optimization of an urban system comes from f irst-order optimization 

conditions  from the above local cost function concerning a decision variable 

(ίὶ), which depends on local attributes (ὶ). These optimized analytical 

formulations allow  getting the optimal val ue on all city points (Equation 2.2). 

‬ ὧὸὶȟ—

‬ ίὶ
π ᵼ ίὶᶻ ( 2.2 ) 
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The method has applications in a wide range of transportation and logistics 

investigations , e.g., Clarens and Hurdle (1975), Daganzo and Pilachowski 

(2011), Medina et al. (2013), Pulido et al. (2015), and others. 

Clarens and Hurdle (1975) optimize the bus operation in which passengers 

travel from one terminal to a set of destinations (one-to-many). This work 

considers that demand varies according to time. The paper uses an analytical 

model that minimizes the total cost using the continuous  approximation 

method to obtain the op timal headway.  

Daganzo and Pilachowski (2011) optimize the bus bunching process based 

on a system in which buses cooperate with information for buses that come 

behind. The authors propose a continuous model because it allows 

identifying Ɂcontrol lawsɂ and quantif y their performance.  

Medina et al. (2013) optimize both the bus stops location and bus operations 

simultaneously , considering their quantity  and location are significant to 

transit operational efficiency. The proposed model uses a continuous and 

multiperiod approximation of a demand corridor, allowing for the 

determination of the density of stops, which minimizes the sum of operator 

costs and total costs to passengers. 

Pulido et al. (2015) locate warehouses to design physical distribution 

strategies for  a delivery system with time windows.  That continuous 

approximation  model includes a cost function with four variables: warehouse 

density, number of consolidated orders per route, routing zone size , and 

order consolidation time.  

After considering the above, the continuous approximation (henceforth CA) 

method may be one of the best tools to optimize the macroscopic network 

design. 

2.4.3. Discretization  

A few works propose a method that allows the discretization of results from 

the application of the CA method, e.g., Ouyang and Daganzo (2006), Medina 

(2011), and Medina -Tapia et al. (2013). 

Ouyang and Daganzo (2006) proposed an algorithm for discretizing  location 

issues and other logistic problems. The disk model  is the basis of the 

proposed algorithm, in which each facility location has a disk around it. If 
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one disc overlaps over another, then the solution is infeasible. In this case, the 

disc must slide to the opposite side. Finally, a feasible solution has a non-

overlapping pattern of a disc. In the paper, the authors compare the results 

between discrete and continuous modeling. The algorithm finds discrete 

locations with a similar cost regarding traditional modeling . 

Medina (2011) and Medina -Tapia et al. (2013) optimize both the bus stops 

locations and bus operations simultaneously.  The bus stop locations come 

from a continuous density function  later discretized using a method based 

on Ouyang and Daganzo (2006). The algorithm begins with a feasible 

solution regarding the number of stops to be located in which an initial 

solution can have equidistant locations among them. The stops change their 

position s in a bus corridor , moving away or approaching each other in order 

to find the equivalent areas. The algorithm stops when the solution finally 

achieves a given tolerance. 

2.5. Summary  

-  Each city is different from another regarding its origin, functionality, modes 

of transport ation, and urban development levels . However, it is possible to 

identify attributes considering form and spatial structure.  

-  Basic schemes of transit networks have different roles in a city, i.e., access to 

the center, connect contiguous zones, disperse traffic on several streets, 

traffic calming in residential zones, and others.  

-  Public transportation networks combine the infrastructure and operation of 

a system: spacing, headway, direct-trip, transfer -trip based, and others, 

including the demand and its distribution.  

-  Transportation and land -use have a two-directional relation  in which the 

structure of land use and population densities are decision variables of the 

network design problem. At the same time, infrastructure proje cts may 

generate positive changes in land use. 

-  Transportation network design depends on two components: the level of 

service and urban structure. 

-  A wide variety of research includes studies on UTNDP , considering the 

design of traffic networks (RNDP) and pu blic transport ation (TNDP). 

Nevertheless, a few investigations consider analyzing the effects of non-

homogeneous demand over a city. 

-  The parsimonious models are analytically tractable . Several authors have 

used them to analyze large systems in transportation. Those models can be 

physically  realistic and widely  accurate but will not substitute detailed 

models. 
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-  One of the techniques that allow working up parsimonious models is the 

CA method.  This model is useful for strategic analysis in the transportation 

system and the challenges of urban planning. The CA method is an adequate 

tool to define an objective image, one of the first urban planning stages. 
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3. Modeling urban mobility 

and network design  

The chapter aims to propose a mathematical methodology for modeling 

urban mobility and designing transportation networks: transit and traffic 

systems. This chapter has five sections. First, the next section will present the 

approach to model the demand. Second, the modeling of a generic transit 

system has five sub-sections: the preliminary concepts, the assignment of 

trips, the presentation of cost functions, the problem formulation, and the 

method for optimiz ing systems. Third, this section contains the traffic system 

modeli ng considering similar aspects in comparison to transit network 

design. Fourth, two methods for the discretization convert the continuous 

results, presenting their  advantages and disadvantages. Finally, the chapter 

finishes highlighting the main assertions presented in this section. 
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3.1. Demand modeling  

In the literature of transportation network design, three approaches facilitate 

demand modeling  at each transportation stage. First, the demand is spatially 

homogeneous over a town  (e.g., S. Chang & Schonfeld, 1991; Daganzo, 2010). 

Figure 3.1(a) represents a spatially homogeneous demand at Ὠ. Second, the 

demand is variable and symmetric , where the maximum value linearly or 

exponentially decreases from the center to the suburbs (e.g., Byrne, 1975). The 

case of Figure 3.1(b) shows a maximum  demand is in the center of a city (Ὠ), 

and decreases linearly towards the periphery with slope ά. Obviously, given 

Ὠ and ά, the demand distribution only makes sense for distances ὼ Ὠ άϳ  

from the CBD, in which, it is valid noting that ὼ Ὠ άϳ . Third, Figure 3.1(c) 

also represents symmetric  demand, but it decreases exponentially (negative 

exponential) towards the periphery . 

 
(a) Homogeneous function:  

Ὠὼ Ὠ 

 
(b) Linear function:  
Ὠὼ άὼ Ὠ 

 
(c) Exponential symmetric function:  

Ὠὶ ὨϽὩ  

%ÐÎÜÙÌɯƗȭƕȭ 3ÙÈËÐÛÐÖÕÈÓɯÚ×ÈÛÐÈÓɯËÐÚÛÙÐÉÜÛÐÖÕÚɯÖÍɯËÌÔÈÕËȭ 

It is worth mentioning that these last two formulations represent that 

demand varies spatially, in which  demand is symmetric  for both cases. A case 

more realistic than the previous scenarios, the demand has a variable 

behavior but not symmetric. In this dissertation, t he demand is spatially 

continuous, two-dimensional , and non-homogeneous. 
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3.1.1. Trip generation and attraction  

The dissertation will analyze several cases from a city in which demand 

distribution is homogeneous to the last case in which the network design 

considers heterogeneous demand. The importance has its basis on the latter 

may reduce the total system cost compared to the analysis of homogeneous 

transit -route grids, as Ouyang et al. (2014) stated. 

Thus, Figure 3.2 shows two examples of a concentric city that presents two 

different densities for generated and attracted trips . Figure 3.2(a) and (b) 

represent the trips generated and attracted of a monocentric city in which the 

CBD mainly attracts trips from other areas of the city  and generates fewer 

trips than the periphery . On the other hand, Figure 3.2(c) and (d) represent 

trips of an asymmetrically concentrated city, in which there is an attractive 

area for trips from the center to the eastern sector of the city. 

 
(a) Generated trips in a mono-centric city  

 
(b) Attracted trips in a mono -centric city  

 
(c) Generated trips in an asymmetrically 

concentrated city 

 
(d) Attracted trips in an asymmetrically 

concentrated city 

%ÐÎÜÙÌɯƗȭƖȭ $ßÈÔ×ÓÌÚɯÖÍɯÏÌÛÌÙÖÎÌÕÌÖÜÚɯËÌÔÈÕËɯËÐÚÛÙÐÉÜÛÐÖÕÚȭ 

3.1.2. Trip d istribution  

The demand distribution function Ὀὶȟ—ȟὶȟ—  in [user/km 4ɇh] (Vaughan, 

1986) represents the spatial density in polar coordinates of passengers per 

hour who begin a trip from an area Ὠὶ ὶ Ὠ— in [km 2] about an origin point 
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ὶȟ—  to an area Ὠὶ ὶ Ὠ— in [km 2] about a destination point ὶȟ—  (Figure 

3.3). 

 
%ÐÎÜÙÌɯƗȭƗȭ 2ÊÏÌÔÌɯÖÍɯÈɯËÌÕÚÐÛàɯÖÍɯÜÚÌÙÚɯÛÏÈÛɯÛÙÈÝÌÓÚɯÉÌÛÞÌÌÕɯÛÞÖɯ×ÖÐÕÛÚȭ 

Source: Medina-Tapia & Robusté (Medina-Tapia & Robusté, 2019b). 

The above function may be calculated through any method of interpolation 

from an origin -destination survey  using, e.g., bicubic spline interpolation. 

From this funct ion, ɝ is the total trip demand, in [user/h], of a concentric city 

of radius Ὑ (Equation 3.1). 

ɝ Ὀὶȟ—ȟὶȟ—  ὶ Ὠὶ Ὠ—
p

 ὶ Ὠὶ Ὠ—
p

 ( 3.1 ) 

Moreover, the above function also allows obtaining the function of generated 

demand ‗ὶȟ— at a point ὶȟ— in [user/km 2ɇh] (Equation 3.2), and attracted 

demand ”ὶȟ— at a point ὶȟ— in [user/km 2ɇh] (Equation 3.3). 

‗ὶȟ— Ὀὶȟ—ȟὶȟ—  ὶ Ὠὶ Ὠ—
p

 ( 3.2 ) 

”ὶȟ— Ὀὶȟ—ȟὶȟ— ὶ Ὠὶ Ὠ—
p

 ( 3.3 ) 

3.2. Modeling a transit system  

The transit design of a concentric city allows obtaining independent results 

of a particular network . However, its conclusions apply to many cities with  

a radio-centric structure (e.g., Paris, Milan, Moscow, Canberra, Chengdu, 

Santiago of Chile, and others). The CA method and only relevant inputs of 

the problem allow obtaining an analytical result that identifies relevant 

factors and gets numerical results in reasonable computational times. This 

subchapter has a basis on a paper (Medina -Tapia, Robusté, & Estrada, 2021) 

detailed in  Appendix D . 
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3.2.1. Preliminary concepts  

The region of analysis is a concentric city of radius Ὑ [km], including ring and 

radial routes. Moreover, the modeling considers the rush hour of the city (ὖ ) 

as the period of analysis because the peak period defines the required 

infrastructure . 

Users have a non-homogeneous continuous distribution  over the city . Thus, 

each point ὶȟ—, which is in polar coordinates, has a different density value 

Ὀὶȟ—ȟὶȟ—  in [user/km 4ɇh], representing the trip density distribution from 

a point ὶȟ—  to ὶȟ— , e.g., from an infinitesimal orange area to a black area 

in Figure 3.4. This function defines the generated and attracted analytical 

demand function : ‗ὶȟ— and ”ὶȟ— expressed in Equations 3.2 and 3.3. These 

condition s are essential because the demand has an imperfect distribution  

over a city, a condition typical of all cities, mainly  in developing countries.  

Thus, the approach allows correctly characterizing the demand to obtain an 

adapted transit scheme. 

 
%ÐÎÜÙÌɯƗȭƘȭ 3ÙÈÕÚÐÛɯÚÛÙÜÊÛÜÙÌȯɯÙÐÕÎɯÈÕËɯÙÈËÐÈÓɯÚÌÙÝÐÊÌÚɯȹÉÓÜÌɯÓÐÕÌÚȺɯÈÕËɯÛÙÈÕÚÍÌÙɯ

×ÖÐÕÛÚɯȹÙÌËɯ×ÖÐÕÛÚȺȭ 

The model assumes that passengers can travel on two types of transit routes: 

ring  and radial routes (ὒ ὧȟὶ) in four directions.  

-  Ring routes: users can travel clockwise or anticlockwise direction ( ὧ

ὧȡ ὧὰέὧὯύὭίὩȟὧȡ ὥὲὸὭὧὰέὧὯύὭίὩ). 

-  Radial routes: users can go to the center or come out from this (ὶ

ὶȡ ὭὲίὭὨὩȟὶȡ έόὸίὭὨὩ). 
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Parameters  

The transit network design models a system during the peak period (rush 

hour , i.e., ὖ ) in which it lasts Ὕ hours (Appendix A ). The model analyzes 

three types of modes (HRT, LRT, and BRT) in which the system has identical 

vehicles for all routes. Each type has different attributes and unitary cost 

values. The operation of transit services has the following attributes:  

-  Cruising speed (ὺ), 

-  Time lost by braking and acceleration (†), 

-  Stoping time per station/stop († and †), 

-  Time lost by crossing an intersection († ), 

-  Positioning time at terminals of a route (ὸ), and 

-  The number of work shifts on a vehicle (–). 

The user-related parameters include the perception of  time and average 

access values: 

-  Perception of time by users (‌, ‍ , ‎, and ‏), 

-  Average access speed (ὺ ὶ) including walking speed (ὺ ), and 

-  Average distance to transfer between two stations (… ). 

The list of unitary cost parameters considers users, capital, operation, and 

infrastructure cost : 

-  Travel time value by average user (‘), 

-  Unitary cost per vehicle (• ), 

-  #ÙÐÝÌÙɀÚɯÞÈÎÌɯ×ÌÙɯÏÖÜÙɯȹ• ), 

-  Operating cost per kilometer traveled at a cruising speed (• ), and 

-  Linear (• ) and nodal (• ) infrastructure cost. 

Infrastructure also depends on the types of services, which also influence 

their attributes and unitary costs . 

-  Linear infrastructure has railways for HR Ts and LRTs, and roads for BRTs. 

-  Nodal infrastructure is at intersections of two railways/roads with  stations for 

HRTs and LRTs and stops for BRTs. 

The system has constraints for network design and transit operations.  

-  Vehicle capacity constraint: Capacity depending on the type of vehicle (ὑ ), 

-  Spatial constraint : The model through constraints ensures that vehicles reach 

the cruising speed between stops/station (ὑ ), and 
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-  Headway constraint: The model avoids frequencies that could be dangerous 

for the operation of a system, especially for  railway services (ὑ ). 

Finally, the detailed explanation of previous parameters is in Appendix A , 

including the definition and their units . 

Assumptions 

The following points present the assumptions of this work.  

-  The passenger arrival rate at each point is deterministic and high. Therefore, 

the model considers a transit operation by frequency. 

-  Passengers board/alight a vehicle of a service that has fixed and known  

transit stations. Hence, the model does not consider user reassignment on 

the network . 

-  Users can take one or two services performing up to one transfer between 

routes. 

-  3ÏÌɯÜÚÌÙÚɀɯÊÖÚÛɯÐÚɯÐÕËÌ×ÌÕËÌÕÛɯÖÍɯÈÎÌȮɯÚÖÊÐÖÌÊÖÕÖÔÐÊɯÓÌÝÌÓȮɯÛÐÔÌɯÖÍɯÛÏÌɯËÈàɯ

(period), or other conditions . 

-  The driver s' salary is steady. In other words, wages do not depend on the 

number of passengers transported. 

-  The unitary cost of operations is the same when a vehicle travels at cruising 

speed, a car accelerates and brakes at a station, and users board and alight 

at a station. 

3.2.2. Trip a ssignment  

Considering a static assignment problem, passengers take the shortest 

distance route using a ring, a radial route, or both types of routes. Therefore, 

the demand will consider three mobility patterns:  

-  If the destination is on the same side of the city between — ς and — ς 

angles, and the trip destination is closer to the central city point than the trip  

origin. Users will initially use a radial route and a ring route secondly. 

-  If the destination is in the same city side, and the origin is closer to the 

concentric city center than the trip destination.  The users should firstly use 

a ring route and secondly a radial route. 

-  If the destination is on the opposite city  side, these trips are between — ς 

and — ς ς“ angles. It is worth noting  that these angles have two radians 

concerning the radial axis of a point ὶȟ— in a concentric city. 
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Based on the demand distribution function, four density functions  represent 

the demand for  each stage of a trip: access, waiting, in-vehicle travel, and 

transfer function . 

-  Ὢ ὶȟ— is the density of users who board and alight from a transit vehicle 

[user/km 2ɇh], 

-  Ὢ ὶȟ— is the density of users who wait for a transit vehicle with direction 

ὰɴ ὒ ὧȟὶ [user/km 2ɇh], 

-  Ὢ ὶȟ— is the density of users who travel on a transit vehicle with direction 

ὰɴ ὒ ὧὧȟὧὥȟὶὭȟὶέ  [user/kmɇh], and 

-  Ὢ ὶȟ— is the density of users who transfer between two vehicles of transit 

with direction ὰɴ ὒ ὧȟὶ [user/km 2ɇh]. 

These density functions will be able to calculate how many people access, 

wait, travel, and transfer at each point of a city considering different 

components of the generalized cost of a system. Appendix B  presents the all -

or-nothing assignment problem  applied to a continuous space for transit 

systems. 

3.2.3. Cost functions  

The model formulation contains two components: user (Ὕ  in [userɇh/ὖ ]) and 

agency (ὅ  in [$/ὖ ]) costs as Equation 3.4 shows it in  which the travel time 

value (‘ in [$/userɇh]) multiplies the user cost  function  (Jara-Díaz, 1982a, 

1982b; Jara-Díaz & Cortés, 1996; Jara-Díaz & Gschwender, 2003b, 2009). 

Ὕὅ ‘ϽὝ ὅ  ( 3.4 ) 

Variables  

The network design of transit embraces two types of sub-problems: fixed and 

flexible spatial transit systems. In the former, the ring and radial services just 

run on a radius given or an angle given, respectively. In the latter, services 

can overlap their routes to save costs on infrastructure. The first case has four 

variables: two spatial variables and two temporary variables. The second case 

has three variables in which one unique headway defines the transit 

operation (Table 3.1). 
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3ÈÉÓÌɯƗȭƕȭ #ÌÊÐÚÐÖÕɯÝÈÙÐÈÉÓÌÚɯÛÖɯÔÖËÌÓɯÌÈÊÏɯÚÜÉɪ×ÙÖÉÓÌÔɯÖÍɯÈɯÛÙÈÕÚÐÛɯÚàÚÛÌÔȭ 

Variable  Route 
Fixed-spatial transit 

system 

Flexible -spatial transit 

system 

Spatial 

variables  

Ring routes Ὠ ὶ Ὠ ὶȟ— 

Radial routes ɮ — ɮ ὶȟ— 

Temporary 

variables  

Ring routes Ὤ ὶ 
Ὄ 

Radial routes Ὤ — 

User costs 

The total time of users ([userɇh/ὖ ]) contains four functions (Equation 3.5): 

access (Ὕ), waiting (Ὕ ), trip (Ὕ), and transfer time (Ὕ). 

Ὕ Ὕ Ὕ Ὕ Ὕ (a) 

( 3.5 ) 

where 

Ὕ Ὢ ὶȟ—ϽὝϽὸ ὶȟ—  ὶ Ὠὶ Ὠ—

p

 
(b) 

Ὕ Ὢ ὶȟ—ϽὝϽὸ ὶȟ—

 ɴ 

  ὶ Ὠὶ Ὠ—

p

 (c) 

Ὕ Ὢ ὶȟ—ϽὝϽὸ ὶȟ—

 ɴ 

  ὶ Ὠὶ Ὠ—

p

 (d) 

Ὕ Ὢ ὶȟ—ϽὝϽὸ ὶȟ—

 ɴ 

  ὶ Ὠὶ Ὠ—

p

 (e) 

The time functions represent the total time for each trip stage of a transit 

system. The calculation of these functions comes from the integration of the 

local time function over the circular region  (Equation 3.5): 

-  Access time: Passengers lose time to get to the closest station or to the 

destination from the origin . First, the demand in rush hour (Ὢ ὶȟ—ϽὝ in 

[user/km2ɇὖ ]) is the density of users that board and alight at a station /stop 

during the rush hour . Second, the average accessibility time per user (ὸ ὶȟ— 

in [h])  depends on the time perception and the average access time. 

-  Waiting time: The passenger density that board s a vehicle is Ὢ ὶȟ—ϽὝ in 

direction ὰɴ ὒ ὧȟὶ  during rush hour ([user/km 2ɇὖ ]). The average 

waiting time per passenger at a station is ὸ ὶȟ— in [h]. It  depends on the 

time perception factor  and time headway of a service. 
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-  In-vehicle travel time: The total travel time depends on two components: the 

user load density in rush hour (Ὢ ὶȟ—ϽὝ in direction ὰɴ ὒ ὧὧȟὧὥȟὶὭȟὶέ  in 

[user/kmɇὖ ]), and the travel time per kilometer ([h/ km] ). 

-  Transfer time: Two factors comprise this local time: the user density that 

transfers at a point ὶȟ— to direction ὰɴ ὒ ὧȟὶ (Ὢ ὶȟ—ϽὝ in [user/km 2]), 

and the average transfer time function  ([h] ). The latter depends on the time 

headway waiting for a service and the average time walking between 

arriving and boarding  stops. 

 

 
%ÐÎÜÙÌɯƗȭƙȭ  ÊÊÌÚÚɯÊÖÝÌÙÈÎÌɯÛÖɯÈɯÚÛÈÛÐÖÕɯÈÛɯÈɯÊÐÛàɯ×ÖÐÕÛȭ 

The formulations of local time functions per passenger or kilometer for the 

previous functions  are in Table 3.2, and their explanations are the following.  

-  Average access time per passenger (ὸ ὶȟ— ): The access time is half of the 

maximum walking distance (Ὠ Ͻ ɮ ϽϽὶτϳ ), as shown in Figure 3.5, 

multiplied  by the access speed ὺ ὶ (e.g., Kuah & Perl, 1988; Wirasinghe & 

Ghoneim, 1981). 

-  Average waiting time per passenger (ὸ ὶȟ—, ὰɴ ὧȟὶ): The waiting time per 

passenger depends on the time perception factor (‍) (TRB, 2013). The model 

assumes that the headways are deterministic and perfectly regular, i.e., ρȾς 

headway (e.g., Larson & Odoni, 2007; Medina-Tapia et al., 2013). 

-  In-vehicle travel time per kilometer (ὸ ὶȟ—, ὰɴ ὧȟὧȟὶȟὶ ): It depends on three 

components. First, traveling on the vehicle affects the users' time perception 

(‎). The second component is the travel time density based on the cruising 

speed of vehicles (ρὺϳ ). Third, the time density generated by losing time at 

stops/stations considering acceleration and braking operations ( †), 

passengers that board and alight at stops/stations († †), and crossing an 

intersection († ). Thus, † † † † †  in [h/station]  (Jara-Díaz & 

Tirachini, 2013). 
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-  Transfer time per passenger (ὸ ὶȟ—, ὰɴ ὧȟὶ): The average transfer time that is 

multipl ied by a perception of the time (‏) (TRB, 2013) incurred by a 

passenger (‚ ὺϳ Ὤ ὶ ςϳ  for ring  services or ‚ ὺϳ Ὤ — ςϳ  for radial 

services). 

3ÈÉÓÌɯƗȭƖȭ 3ÐÔÌɯÍÜÕÊÛÐÖÕÚɯÖÍɯ×ÈÚÚÌÕÎÌÙÚȭ 

Stage Route Fixed-spatial transit system  Flexible -spatial transit system  

Access 

time  

ὸ ὶȟ— 

 ‌Ͻ
Ὠ ὶ ɮ —Ͻὶ

τϽὺ ὶ
 ‌Ͻ

Ὠ ὶȟ— ɮ ὶȟ—Ͻὶ

τϽὺ ὶ
 

Waiting 

time  

ὸ ὶȟ— 

Ring 

routes 
‍Ͻ
Ὤ ὶ

ς
 

‍Ͻ
Ὄ

ς
 

Radial 

routes 
‍Ͻ
Ὤ —

ς
 

IVT time  

ὸ ὶȟ— 

Ring 

routes 
‎Ͻ

ρ

ὺ

†

ɮ —Ͻὶ
 ‎Ͻ

ρ

ὺ

†

ɮ ὶȟ—Ͻὶ
 

Radial 

routes 
‎Ͻ

ρ

ὺ

†

Ὠ ὶ
 ‎Ͻ

ρ

ὺ

†

Ὠ ὶȟ—
 

Travel 

time  

ὸ ὶȟ— 

Ring 

routes 
Ͻ‏
‚

ὺ

Ὤ ὶ

ς
 

Ͻ‏
‚

ὺ

Ὄ

ς
 

Radial 

routes 
Ͻ‏
‚

ὺ

Ὤ —

ς
 

Agency costs 

The agency's operating costs are proportional to the fleet size (Ὂ in [veh] ). 

 
(a) Ring routes 

 
(b) Radial routes 

%ÐÎÜÙÌɯƗȭƚȭ 1Ì×ÙÌÚÌÕÛÈÛÐÖÕɯÖÍɯÌÓÌÔÌÕÛÚɯÛÖɯÊÈÓÊÜÓÈÛÌɯÛÏÌɯÍÓÌÌÛɯÚÐáÌȭ 
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The fleet is the sum of vehicles that travel on ring s and radial routes (Ὂ Ὂ

Ὂ in [veh] ). The fleet size of a service on a corridor is the ratio between the 

cycle time and headway (Jara-Díaz, Fielbaum, & Gschwender, 2017). Figure 

3.6 shows vehicles as black dots obtained from the ratio. In Equation 3.6, the 

number of vehicles on rings or radial routes depends on the density of routes, 

i.e., the inverse of the distance between routes. Moreover,  ὸ Ͻ is the cycle 

time of a vehicle on a corridor line of type ὰ ὧȟὶ [h/route].  

Ὂ

ừ
Ử
Ừ

Ử
ứ ὸ ὶ

Ὤ ὶ
Ͻ
ρ

Ὠ ὶ
  Ὠὶ    ὰ ὧ

ὸ —

Ὤ —
Ͻ
ρ

ɮ —
  Ὠ—ὰ ὶ

 (a) 

( 3.6 ) 
where 

ὸ Ͻ

ừ
ỬỬ
Ừ

ỬỬ
ứ
ὸ ὶ ςϽ

ρ

ὺ

ὸ

ς“ὶ

†

ɮ —Ͻὶ
 ὶ Ὠ—ὰ ὧ

ὸ — ςϽ
ρ

ὺ

ὸ

Ὑ

†

Ὠ ὶ
  Ὠὶ             ὰ ὶ

 
(b) 

The cycle time depends on the travel time d ensity based on three elements: 

cruising speed (ρὺϳ ), the time lost at terminals (  or ), the time density 

generated by acceleration and braking operations (
Ͻ
 or ), the dwell 

time density by passengers that board and alight at stops/stations (
Ͻ
 or 

), and the time lost at an intersection (
Ͻ
 or ). Thus, † † † †

†  in [h/station] . 

In Equations 3.7, the agency cost has three components (ὅ  in [$/ὖ ]): capital 

(ὅ ), operational (ὅ), and infrastructure cost (ὅ). The last two costs have sub-

components. The operational cost (ὅ ὅ ὅ) includes the on-vehicle crew 

cost (ὅ), and in-operation vehicle cost (ὅ). The infrastructure cost (ὅ ὅ

ὅ) includes the linear (ὅ) and nodal infrastructure  (ὅ). 

-  Capital cost in Equation 3.7(a): The cost (ὅ В ὊὰϽ•
Ὧ

ὰ ɴ ὒ  in [$/ὖ ]) depends 

on the fleet in direction ὰɴ ὧȟὶ (Ὂ in [veh] ) and the cost per vehicle (•  in 

[$/vehɇὖ ]). 

-  Operational cost in Equation 3.7(c-e): First, the total salary (ὅ ὊϽ–ϽὝϽ•  

in [$]) is in proportion to three components: the fleet ( Ὂ, ὰɴ ὧȟὶ), the 

number of work shifts on a vehicle (–), and the salary in the rush hour (ὝϽ

• ). Second, the total operating cost (ὅ  in [$] ) comprises of two 

components: the number of vehicles that run on a corridor (ςϽὝὬ ὶϳ  or 

ςϽὝὬ —ϳ  respectively), the operation cost per unit of distance traveled on 
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a cruising speed (• ) considering the width of a transit corridor Ὠ ὶ or 

ɮ —. 

ὅ ὅ ὅ ὅ (a) 

( 3.7 ) 

where 

ὅ ὊϽ•

 ɴ 

 (b) 

ὅ ὅ ὅ (c) 

ὅ ὊϽ– ϽὝϽ•

 ɴ 

 (d) 

ὅ
ςϽὝϽ•

Ὤ ὶϽὨ ὶ

ςϽὝϽ•

Ὤ —Ͻɮ —Ͻὶ
Ͻὶ Ὠὶ Ὠ— (e) 

ὅ ὅ ὅ (f) 

ὅ ςϽ
ρ

Ὠ ὶ
Ͻ•

ρ

ɮ —Ͻὶ
Ͻ•  ὶ Ὠὶ Ὠ— (g) 

ὅ τϽ
ρ

ɮ —
Ͻ
ρ

Ὠ ὶ
Ͻ•  Ὠὶ Ὠ— (h) 

 

 
(a) Ring services 

 
(b) Radial services 

%ÐÎÜÙÌɯƗȭƛȭ 2ÊÏÌÔÌɯÖÍɯÛÙÈÕÚÐÛɯÊÖÙÙÐËÖÙÚɯÍÖÙɯÛÏÌɯÓÐÕÌÈÙɯÐÕÍÙÈÚÛÙÜÊÛÜÙÌɯÊÖÚÛɯ

ÍÜÕÊÛÐÖÕȭ 

-  Infrastructure cost in Equation 3.7(f-h): The linear infrastructure  cost (ὅ ) 

depends on the number of routes and its length of rings and radial routes 

(  or 
Ͻ
 ÐÕɯȻÒÔɇÙÖÜÛÌ] in direction ὰɴ ὧȟὶ), and the unitary cost (•  in 

ȻȜɤÒÔɇÙÖÜÛÌɇὖ ]). The unitary cost per km in the rush hour has a fixed 

component and another variable part  ( • • • ϽὝ  in 

ȻȜɤÒÔɇÙÖÜÛÌɇὖ ], Figure 3.7(g)). The nodal infrastructure (ὅ) depends on the 

number of intersections Ͻ  and the unitary cost •  in 

[$/stationɇÙÖÜÛÌɇὖ ] (Figure 3.7(h)), considering each intersection has four 

stations or stops (Figure 3.8). 
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%ÐÎÜÙÌɯƗȭƜȭ 2ÊÏÌÔÌɯÖÍɯÈɯÛÙÈÕÚÐÛɯÐÕÛÌÙÚÌÊÛÐÖÕɯÍÖÙɯÛÏÌɯÕÖËÈÓɯÐÕÍÙÈÚÛÙÜÊÛÜÙÌɯÊÖÚÛɯ

ÍÜÕÊÛÐÖÕȭ 

3.2.4. Problem formulation and optimization  

The transit network design and frequency setting problem  (TNDFSP) 

minimizes the total cost, taking into account  a heterogeneous demand 

distribution . 

Problem formulation s 

The mathematical problem is a nonlinear system with  inequality constraints , 

replacing the user and agency sub-cost functions on the objective function 

(Equation 3.8(a) and 3.9(a), respectively). The formulation of the total cost of a 

transit system (Ὕὅ ‘ϽὝ ὅ ) in monetary units ([$/ ὖ ] contains two 

components: the user cost component (Ὕ  in [userɇh/ὖ ]), which is multiplied 

by the travel time value (‘ in [$/userɇh]), and the second component of agency 

costs (ὅ  in [$/ὖ ]). 

-  Fixed spatial transit system: First, the problem has four decision variables 

(Ὠ ὶȟɮ —ȟὬ ὶȟὬ —) according to the spatial and temporal deployment 

of resources. In this problem, t he fixed variables do not change along a 

corridor . Second, the problem has three sets of constraints. The first of these 

(Equations 3.8(b) and (c)) ensures that occupancy does not exceed the 

capacity of each vehicle (ὑ  in [user/veh]).  Second, the minimum distance 

between stations ensures that transit vehicles reach the cruising speed before 

arriving at the next station  and can correctly brake (Equations 3.8(d) and (e)). 

In the case of radial routes (Equation 3.8(e)), ὑ ὑ ὶϳ , where ὶ  is 

a minimum rad ius in which this constraint applies in [km/route] or 

[rad/route], respectively . Finally, the operator requires a minimum 
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separation (time) between consecutive vehicles (TRB, 2013). Equations 3.8(f) 

and (g) ensure that the optimum frequency is feasible  (ὑ  in [h/veh]) . 

ὓὭὲ Ὕὅ ‘ϽὝ Ὕ Ὕ Ὕ ὅ ὅ ὅ  (a) 

( 3.8 ) 

s.t. 

ÍÁØ
ȟɴ ȟ

Ὢ ὶȟ—ϽὨ ὶϽὬ ὶ ὑ     ᶅ ὶ 
(b) 

ÍÁØ
ȟɴ ȟ

Ὢ ὶȟ—Ͻɮ —Ͻ
Ὑ ὶ

ς
ϽὬ — ὑ     ᶅ — (c) 

Ὠ ὶ ὑὨὧ     ᶅ ὶ (d) 

ɮ — ὑ      ᶅ — (e) 

Ὤ ὶ ὑὬ     ᶅ ὶ (f) 

Ὤ — ὑὬ     ᶅ — (g) 

-  Flexible spatial transit system: First, the problem has three decision variables 

(Ὠ ὶȟ—ȟɮ ὶȟ—ȟὌ), which  is flexible due to the spatial variables that could 

change along a corridor route. Second, the problem has three sets of 

constraints. The first set (Equations 3.9(b) and (c)) ensures that the demand 

does not exceed the capacity of a vehicle (ὑ  in [user/veh] ). The second set 

(Equations 3.9(d) and (e)) makes sure a minimum distance between stations 

to reach the cruising speed before arriving at the next station braking 

correctly (ὑ  in [km/route] or [rad/route], respectively ). The third constraint 

(Equation 3.9(f)) makes sure that the optimum headway has a minimum 

separation between vehicles in time units  (ὑ  in [h/veh]) (TRB, 2013). 

ὓὭὲ Ὕὅ ‘ϽὝ Ὕ Ὕ Ὕ ὅ ὅ ὅ  (a) 

( 3.9 ) 

s.t. 
ÍÁØ
ȟ ȟɴ ȟ

Ὢ ὶȟ—ϽὨ ὶȟ—ϽὌ ὑ  (b) 

ÍÁØ
ȟ ȟɴ ȟ

Ὢ ὶȟ—Ͻɮ ὶȟ—Ͻ
Ὑ ὶ

ς
ϽὌ ὑ  (c) 

Ὠ ὶȟ— ὑ      ᶅ ὶȟ— (d) 

ɮ ὶȟ— ὑ      ᶅ ὶȟ— (e) 

Ὄ ὑ  (f) 
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Method for solving the problem  

The Karush-Kuhn -Tucker (KKT) conditions  allow finding th e necessary 

conditions  to solve a nonlinear system. The first -order optimization 

conditions  enable obtaining optimized analytical functions , and it will permit 

getting the optimal value at overall city poi nts. The necessary conditions are 

not sufficient for optimality, but all local minimum satisf ies them. Therefore, 

a convexity analy sis of the problem is required to find the optimal solution . 

‬ ὸὧὶȟ—

‬ ὼЈϽ
‗ ὶϽ

‬ ὧ ὶȟ—

‬ ὼЈϽ
‗ —Ͻ

‬ ὧ ὶȟ—

‬ ὼЈϽ
π   ᶅ Ὥ

ρȟȣȟὲ 

(a) 

( 3.10 ) ὧЈὶȟ— ὑ π   ᶅ Ὦ ρȟȣȟὲ (b) 

‗ЈϽϽὧЈὶȟ— ὑ π   ᶅ Ὦ ρȟȣȟὲ (c) 

‗ЈϽ π   ᶅ Ὦ ρȟȣȟὲ (d) 

ὼЈϽ ὑ    ᶅ Ὥ ρȟȣȟὲ (e) 

where 
- Fixed spatial transit system: 

ὲ τȟὲ φȟ  
ὼЈϽ Ὠ ὶȟɮ —ȟὬ ὶȟὬ —  

‗ЈϽ ‗ ὶȟ‗ ὶȟ‗ ὶȟ‗ —ȟ‗ —ȟ‗ —  

 

- Flexible spatial transit system: 
ὲ σȟὲ υȟ  

ὼЈϽ Ὠ ὶȟ—ȟɮ ὶȟ—ȟὌ  

‗ЈϽ ‗ ὶȟ—ȟ‗ ὶȟ—ȟ‗ ὶȟ—ȟ‗ ὶȟ—ȟ‗  

    

Using the CA method, the ὸὧὶȟ— is a local cost function at a point  ὶȟ— . 

Equations 3.10 shows the set of KKT conditions considering the number of 

variables ὲ and constraints ὲ. The stationar ity conditions  (Equation 3.10(a)) 

come from the local cost function  considering multipliers ( ‗ЈϽ) and 

constraints for rings (ὧ ὶȟ—) and radial (ὧ ὶȟ—) routes. The second condition 

(Equation 3.10(b)) embraces the constraints ( ὧЈ). The third condition 

(Equation 3.10(c)) is a complementary slackness expression. If an inequality 

becomes an equality equation (tight ), its slack is zero, and its multiplier takes 

any non-negative value (Equation 3.10(d)). Finally, each decision variable (ὼЈ) 

must be higher than a ὑ  (ὑ , ὑ , ὑ ,ὑ , respectively; Equation 3.10(e)). 

Optimal analytical solutions  

The model allows obtaining the optimal analytical functions for each decision 

variable through the formulation of Equation  3.10(a): the distance between 
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routes and the headway between vehicles on each type of route (Table 3.3 

and Table 3.4), respectively. 

-  Optimal distance function between ring routes in [km/route] : From stationarity  

conditions, the isolation of the decision variable (Ὠ Ͻ) allows obtaining a 

square root of an analytical ratio . The numerator of this ratio  is a cost 

function obtained from two components. The first component is the cost due 

to users on radial routes that arrive at a station. The second component is 

the operation and infrastructure cost on a ring ro ute at ὶ. The denominator 

represents the cost per area due to access to a station and two more 

components from the constraints: user density per kilometer on a vehicle 

multiplie d by a Lagrange multiplier ( ‗ Ͻ), and a second Lagrange 

multiplier ( ‗ Ͻ). 

-  Optimal distance function between radial routes in [rad/route] : The analytical 

structure of the optimal angle  between radial routes (ɮ Ͻ) is similar to the 

previous function . Moreover, two factors include the denominator  

containing the multipliers ‗ Ͻ and ‗ Ͻ. 

-  Optimal headway function on routes in [h/veh] : The optimal headway has the 

same structure for ring  and radial routes. In the case of a flexible spatial 

transit, the numerator and denominator include the cost of both types of 

routes. 

It is worth mentioning  that the equations of Table 3.3 and Table 3.4 have two 

new parameters. First, the time lost at a station († † † † †  in 

[h/station]) . Second, the equations have grouped the cost per vehicle and the 

salary cost per vehicle in rush hour (• • –ϽὝϽ•  in [$/vehɇὖ ]). The 

optimal analytical function s (Ὠ Ͻȟɮ ϽȟὬ ϽȟὬ ϽȟὌ) depend on the result of 

the other type of route  and headways. 

3.2.5. Methodology for obtaining continuous solutions  

Inequality systems  

The optimal functions Ὠ ὶ and Ὤ ὶ (Equations in Table 3.3) have a common 

factor ‗ ὶϽÍÁØ
ȟɴ

Ὢ ὶȟ— . This factor allows equating  the two expressions 

obtained from  Equation 3.11(a). Thus, KKT conditions ( Equation 3.10) allow 

formulating  an equation system to solve the problem of ring  services in the 

set of Equations 3.11, where Equations 3.11(b) are the constraints, Equations 

3.11(c) are the complementary slackness, and Equations 3.11(d) is the 

integrality  of multiplie rs. 
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ὶ
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ςϽ†Ͻ•
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ςϽ•

τϽ•

ɮ —Ͻὶ
Ͻὶ Ὠ— π     ᶅ ὶ 

(a) 

( 3.11 ) 
ÍÁØ
ȟɴ

Ὢ ὶȟ—Ͻ▀╬►Ͻ▐╬► ὑ     ᶅ ὶ 

▀╬► ὑὨ     ᶅ ὶ 

▐╬► ὑὬ     ᶅ ὶ 

(b) 

ⱦ╬►ϽÍÁØ
ȟɴ
Ὢ ὶȟ—Ͻ▀╬►Ͻ▐╬► ὑ π     ᶅ ὶ 

ⱦ╬►Ͻ Ὠ ὶ ὑ π     ᶅ ὶ 

ⱦ╬►Ͻ Ὤ ὶ ὑ π     ᶅ ὶ 

(c) 

ⱦ╬► π     ᶅ ὶ 
ⱦ╬► π     ᶅ ὶ 
ⱦ╬► π     ᶅ ὶ 

(d) 

For the radial routes case, analytical development is similar to the ring  case 

to obtain an analytical equation system to solve the radial service problem 

(Equations 3.12). The meaning of the equations is similar to the previous case: 

the set of Equations 3.12(b) is the constraints, the set of Equations 3.12(c) 

contains the complementary slackness conditions, and the set of Equations 

3.12(d) represents the integrality  of multipliers.  

►Ᵽ Ͻ
‘Ͻ‌ϽὪ ὶȟ—ϽὝϽὶ
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‘Ͻ‎ϽὪ ὶȟ—ϽὝϽ†
ςϽ†Ͻ•

Ὤ ὶϽὨ ὶ
ςϽ•

τϽ•

Ὠ ὶ
 Ὠὶ π     ᶅ — 

(a) 

( 3.12 ) 
ÍÁØ
ȟɴ

Ὢ ὶȟ—Ͻ ►ⱣϽ
Ὑ ὶ

ς
Ͻ▐►Ᵽ ὑ     ᶅ — 

►Ᵽ ὑ      ᶅ — 
▐►Ᵽ ὑ     ᶅ — 

(b) 

ⱦ►ⱣϽÍÁØ
ȟɴ

Ὢ ὶȟ—Ͻ ►ⱣϽ
Ὑ ὶ

ς
Ͻ▐►Ᵽ ὑ π     ᶅ — 

ⱦ►►Ͻ ►Ᵽ ὑ π     ᶅ ὶ 

ⱦ►►Ͻ ▐►Ᵽ ὑ π     ᶅ ὶ 

(c) 

ⱦ►Ᵽ π     ᶅ — 
ⱦ►Ᵽ π     ᶅ — 
ⱦ►Ᵽ π     ᶅ — 

(d) 

Method of two phases 

Each set of Equations 3.11 and 3.12 contains a system with inequalities that 

allow s obtaining the optimal solution. In consequence, this dissertation 

proposes an algorithm based on the CA method (Figure 3.9). The algorithm 
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consists of iterating the analytical expressions of ring  and radial corridor s 

until reaching convergence. 

The method has two phases. The first stage consists of the initialization of 

variables in which a  feasible solution uses the minimum value of each 

variable, respectively: ὑȟὑ . Moreover, the algorithm creates a variable 

that stores the number of iterations ( i). The second stage is an iterative process 

in which the model calculates the four decision variables. The process will 

iterate while the solutions are feasible, and the error is higher than the 

tolerance for each variable. The first sub-problem calculates the two variables 

(Ὠ ὶȟὬ ὶ) for a set of ring corridor routes ( ὶɴ πȢȢȢὙ) if there are feasible 

solutions and first -order optimization conditions  are satisfied. In the case of 

radial services (ɮ —ȟὬ —), the process is identical. The variable will 

increase by one unit. After that, the algorithm analyses the convexity of the 

problem. The algorithm will stop when the error is less than the tolerance. 

Algorithm : Solution of the continuous transit  problem  

Initialize Ὠ ὶ ὑ ; ɮ — ὑ ; Ὤ ὶ ὑ ; Ὤ — ὑ  

i := 1 

while  (abs(Ὠ ὶ ɬ Ὠ ὶ) > tolerance or abs(ɮ — ɬ ɮ —) > tolerance or 

abs(Ὤ ὶ ɬ Ὤ ὶ) > tolerance or abs(Ὤ — ɬ Ὤ —) > tolerance) 

 

for each ὶɴ πȢȢȢὙ do 

Ὠ ὶȟὬ ὶ  « SystemOfEquations( ɮ —ȟὬ — ) 

end for  

 

for each —ᶰπȣς“ do 

ɮ —ȟὬ —  « SystemOfEquations( Ὠ ὶȟὬ ὶ ) 

end for  

 

i := i + 1 

end while  

%ÐÎÜÙÌɯƗȭƝȭ 3ÏÌɯÈÓÎÖÙÐÛÏÔɯÉÈÚÌËɯÖÕɯÚÜÊÊÌÚÚÐÝÌɯÈ××ÙÖßÐÔÈÛÐÖÕÚɯÕÜÔÌÙÐÊÈÓÓàɯ

ÚÖÓÝÌÚɯÛÏÌɯÛÙÈÕÚÐÛɯ×ÙÖÉÓÌÔɯÛÏÙÖÜÎÏɯÛÞÖɯ×ÏÈÚÌÚȭ 

3.3. Modeling a traffic system  

3.3.1. Preliminary concepts  

Consider a concentric city  that has a radius of Ὑ [km]  whose demand is 

spatially continuous. The circular city  has major rings and radial  roads. Thus, 
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the model assumes that users can take two types of roads represented by 

black lines in Figure 3.10: rings and radial roads (ὡ ὧȟὶ) considering four 

directions. Each road serves an area called a road corridor. Corridors contain 

origins and destinations of private trips, e.g., the infinitesimal orange area 

and the blue area in Figure 3.10, respectively. The drivers use rings or radial 

roads turning at an intersection  (green points): 

-  On ring roads: users can travel  clockwise or anticlockwise direction ( ὧ

ὧȡ ὧὰέὧὯύὭίὩȟὧȡ ὥὲὸὭὧὰέὧὯύὭίὩ). 

-  On radial roads: users can travel to the center or come out from this (ὶ

ὶȡ ὭὲίὭὨὩȟὶȡ έόὸίὭὨὩ). 

The modeling considers the four-stage of the transportation model . The 

modeling of demand maintains a similar scheme to the transit case. The 

generated demand ‗ὶȟ— at a point ὶȟ—ɭin polar coordinatesɭis a density 

function in [user/km 2ɇh] (Equation 3.2, p. 38), and the attracted analytical 

demand function ɭin polar coordinatesɭis ”ὶȟ— (Equation 3.3, p. 38). 

 
%ÐÎÜÙÌɯƗȭƕƔȭ 1ÖÈËɯÚÛÙÜÊÛÜÙÌȯɯÙÐÕÎÚȮɯÙÈËÐÈÓɯÙÖÈËÚȮɯÈÕËɯÐÕÛÌÙÚÌÊÛÐÖÕÚȭ 

The model embraces at least one vehicle type, but it could include  other 

additional types of vehicles . For example, in Medina and Robusté (2019b), the 

analysis of impacts of connected and autonomous vehicles (CAVs) 

considering two types of vehicles (ὠ άὺȡ ὓὠȠ ὥὺȡ ὃὠ) including dedicated 

lanes for CAVs allow ing the formation of platoons. The third section of 

Chapter 5 explains the results in detail.  Appendix E  explains this subchapter. 
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Parameters  

The period  of the analysis is also the rush hour (ὖ ) because the peak period 

defines the needs of infrastructure required . The peak period lasts Ὕ hours. 

Appendix A  contains lists of all parameters used by the model. 

The first group of parameters includes  parameters that define the attributes 

and behavior of car users: 

-  Users per car: the average number of users in a car (–), 

-  Car speeds: speed to access main roads (ὺ ), speed to local roads (ὺ ), free-

flow speed (ὺ ), cruising speed (ὺ), and 

-  Parking behavior: the average distance looking for a parking  spot before 

destination (Ὠ), and the average walking speed after parking (ὺ ). 

In a second set, the operating parameters define attributes of roads and 

parking:  

-  Accessing penalization: average penalization time for accessing the nearest 

primary road  from origin ( ὸ ), and accessing the local roads from primary 

roads (ὸ ), 

-  Road parameters: the parameters of BPR volume-delay function  (ὥ and ὦ), the 

capacity road per lane (Ὧ), the number of lanes on roads (–), the average 

time crossing an intersection (†), and 

-  Parking parameters: it includes the average density of parking vacant spaces 

(‗). 

Third, t he list of unitary cost parameters considers users, capital, operation, 

and infrastructure cost : 

-  Travel time value by average user (‘), 

-  Unitary cost per vehicle and distance unit (•), 

-  Parking fee (• ), and 

-  Linear infrastructure cost (• ). 

Assumptions 

The following points  summarize the model assumption s. 

-  The private transportation  demand is known, deterministic, and the 

function varies concerning its position.  

-  Car users take the cheapest route (minimum generalized cost) to the 

destination, and they can use ring  streets, radial streets, or both of them. 



Chapter 3 

58 

-  The travel time value is the same for all users. 

-  The road capacity is proportional to the number of l anes. 

-  Neither a driver  can stop and wait for a vacant parking space nor return 

upstream when looking for a parking spot (Arnott & Rowse, 1999). 

-  Vehicles park on service streets; therefore, they do not cause a reduction in 

road capacity. The model does not consider the parking capacity. 

-  The model does not include urban freight distribution and public 

transportation costs. 

3.3.2. Trip assignment  

The modeling assumes a static traffic assignment problem in a continuous 

space implementing an incremental assignment method, which gives a 

correct strategic planning approach. 

The method divides the distribution matrix at  ὓ  factors (В ὓ ρ, where ὲ 

is the number of iterations). Thenceforth, this  way iteratively assigns to the 

network each part of the fractioned matrix . 

Thus, at step 0, the method uses the all-or-nothing method. For this step, there 

are three cases (Medina -Tapia & Robusté, 2018a). 

-  Radial-circular trip: Users can take a radial road first and then take a circular 

road, 

-  Ring-radial trip: The users take a ring  road and, after that, a radial road, or 

-  Radial-radial trip: The users take a radial road from the origin to the city 

center and, subsequently, they take a road of radial type to the destination. 

In the following steps , the assignment considers the travel time calculated 

from accumulated flows. In order to finish the algorithm, the method must 

sequentially assign all fractions to the network. The assignment results are 

the density functions of demand (third section of Appendix B , p. 180). 

The model has three types of demand density function s obtained from the 

assignment method. 

-  Ὢȟ ὶȟ— is the density of vehicles of type ὺɴ ὠ that access from the origin to 

the closest circular or radial primary road ύᶰὡ [veh/km 2ɇh], 

-  Ὢȟ ὶȟ— is the density of vehicles flow of type ὺᶰὠ that travel on a circular 

or radial primary road ύᶰὡ ÊÖÕÚÐËÌÙÐÕÎɯÐÛÚɯËÐÙÌÊÛÐÖÕɯȻÝÌÏɤÒÔɇÏȼȮɯÈÕË 

-  Ὢȟ ὶȟ— is the density of vehicles of type ὺɴ ὠ that arrive from a circular or 

radial primary road to the destination ύᶰὡ [veh/km 2ɇh]. 
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3.3.3. Cost functions  

The total cost function (Ὕὅ in [$/ὖ ]) has two elements during the peak hour 

ὖ  (Equation 3.13): the total cost of users (ὅ  in [$/ὖ ]) and the agency cost 

(ὅ  in [$/ὖ ]). 

Ὕὅ ὅ ὅ  ( 3.13 ) 

Variables  

The two decision variables of the model are the distance between rings and 

radials roads. Table 3.5 explains both continuous  spatial variables 

represented in Figure 3.10. 

3ÈÉÓÌɯƗȭƙȭ #ÌÊÐÚÐÖÕɯÝÈÙÐÈÉÓÌÚɯÛÖɯÔÖËÌÓɯÈɯÛÙÈÍÍÐÊɯÚàÚÛÌÔȭ 

Decision v ariable s 

ὴ ὶ distance function between ring  roads at the radius ὶ km [km/road]; and  
ɰ — angle function between radial roads at an angle — [radian/road] where 

ὴ ὶȟ— ɰ —Ͻὶ is the distance between radial roads at a city point ὶȟ— 

[km/road].  

User costs 

The total user cost function (ὅ  in [$/ὖ ] where ὖ  represents the rush hour  

in a city) contains three components (Equation 3.14): the accessibility cost to 

the closest primary  road (ὅ), the cost spent during  a regular car trip (ὅ), and 

the arriving cost at the destination (ὅ). 

The cost functions represent the total cost for each stage of a trip in a car. As 

in the case of public transportation, these functions come from the integration 

of the local cost function over the circular region of a city (Equation 3.14): 

-  Access cost to main roads: The local access cost function has two components: 

the demand density in rush hour (Ὢȟ ὶȟ—ϽὝ–ϳ  in [veh/km 2ɇὖ ]), and the 

average access cost per vehicle (ὧȟ ὶȟ—) in [$/veh]). The access cost to the 

main road is the integration of the  local access cost over the city region 

considering the types of vehicles ὺᶰὠ (ὅ in [$/ὖ ]). 

-  Regular trip cost: Similar to the previous case, the total trip cost (ὅ in [$/ὖ ]) 

is thereby the integration of a local cost function over the circular region . 

The elements of the local cost function are the demand density in rush hour 

(Ὢȟ ὶȟ—ϽὝ–ϳ  in [veh/ÒÔɇὖ ]) and the local generalized travel cost on all 

roads (ὧȟ ὶȟ— in ȻȜɦÒÔɇÝÌÏ]). 
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-  Arriving cost to trip destinations: The total arriving cost (ὅ in [$/ὖ ]) is also 

the integration of the local cost composed of the demand function in the rush 

period (Ὢȟ ὶȟ—ϽὝ–ϳ  in [veh/ὖ ]), and the expected walking cost and 

parking fee (ὧȟ ὶȟ— in [$/veh]). 

ὅ ὅ ὅ ὅ 

where 

ὅ
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( 3.14 ) 

Equations in Table 3.6 show the average local destination cost ([$/veh]) for 

each road type. 

-  Average access cost (ὧȟ ὶȟ— in [$/veh], ύᶰὧȟὶ): The average access cost for 

accessing has two components. First, cars travel a quarter of the distance 

between the origin and the closest primary road. The average travel cost is 

the multiplication of this distance and the generalized cost ʆ  ( ʆ

‘Ͻ– ὺϳ •  in ȻȜɤÒÔɇÝÌÏ]). Second, the users incur a penalty time  for 

accessing the closest primary road . This penalty time is a cost using a unitary 

cost factor ʆ  (ʆ ‘Ͻ– ὺ Ͻ•  ÐÕɯȻȜɤÏɇÝÌÏ]). 

-  Generalized travel cost (ὧȟ ὶȟ— in ȻȜɦÒÔɇÝÌÏȼ, ύᶰὧȟὶ): For a regular trip , the 

generalized travel cost function has three components. The first component 

represents congestion effects using a Bureau of Public Roads (BPR) function. 

The free-flow travel cost per kilometer i s the inverse of free-flow speed 

multiplied by the value of travel time  (‘Ͻ– ὺϳ ). The congestion level 

depends on the traffic flow (Ὂ ȟ ὶȟ— Ὢ ȟ ὶȟ—Ͻὴ ὶ –ϳ  and Ὂ ȟ ὶȟ—

Ὢ ȟ ὶȟ—ϽὙ ὶ ςϳ Ͻɰ — –ϳ ) and the capacity of a road (ὑ ȟ ὶȟ—) where 

vehicles can travel to one of the two available directions : ὧ ɴ

 ὧȡ ὧὰέὧὯύὭίὩȟὧȡ ὥὲὸὭὧὰέὧὯύὭίὩ for  rings, and ὶ ɴ ὶȡ ὭὲίὭὨὩȟὶȡ έόὸίὭὨὩ for 

radial roads. Second, the unitary cost of a regulated crossroad by traffic 

lights is the ratio between the cost spent by crossing a road (‘Ͻ–Ͻ†) and 

the distance between roads (ὶϽɰ — or ὴ ὶ). Finally, the last component is 

the operational cost of a vehicle per traveled kilometer (•). 

-  Average destination cost (ὧȟ ὶȟ— in [$/veh], ύᶰὧȟὶ): After a user parked his 

car, he will pay the parking fee and walk to the final destination. The average 

destination cost has five elements. First, users incur a cost for accessing local 

roads (ὸ Ͻʆ  where ʆ ‘Ͻ– ὺ Ͻ•  in ȻȜɤÏɇÝÌÏ]). Second, the driving 

cost on local streets before a user starts to look for a vacant parking spot. 

This sub-cost is composed of the average distance (e.g., ὴ ὶ Ὠ τϳ) and 
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the generalized cost (ʆ ‘Ͻ– ὺϳ •). Third , the cost incurred by users, 

which are looking for a parking space, is the multiplication of the average 

distance between vacant spots (ρ‗ϳ ) and the generalized cost (ʆ

‘Ͻ– ὺϳ •). Fourth, walking to the destination is the distance between a 

user parked and the final destination . According to Arnott and Rowse 

(1999), the expected walking distance after parking the vehicle has two 

cases. If a driver finds a vacant space before his destination (ὼ Ὠ) then this 

driver will walk Ὠ ὼ km. In another case, the driver will walk ὼ Ὠ km to 

the destination. Therefore, the user walking cost is the multiplication of the 

expected walking distance and the generalized cost (ʆ ‘Ͻ– ὺϳ ). Fifth, 

the cost finally includes a car-parking fee (• ). 

3ÈÉÓÌɯƗȭƚȭ "ÖÚÛɯÍÜÕÊÛÐÖÕÚɯÖÍɯÜÚÌÙÚȭ 

Stage Route Unitary cost functions  

Access cost 
ὧȟ ὶȟ— 

Ring 

routes 

ὴ ὶ

τ
Ͻʆ ὸ Ͻʆ  

Radial 

routes 

ὶϽɰ —

τ
Ͻʆ ὸ Ͻʆ  

Travel cost 
ὧȟ ὶȟ— 

Ring 

routes 

‘

ὺ
Ͻρ ὥϽ

Ὂȟ ὶȟ—

ὑ ȟ ὶȟ—

‘Ͻ–Ͻ†

ὶϽɰ —
•  

Radial 

routes 

‘

ὺ
Ͻρ ὥϽ

Ὂȟ ὶȟ—

ὑ ȟ ὶȟ—

‘Ͻ–Ͻ†

ὴ ὶ
•  

Destination 

cost 

ὧȟ ὶȟ— 

Ring 

routes 
ὸ Ͻʆ

ὴ ὶ Ὠ

τ
Ͻʆ

ʆ

‗

ςϽὩ Ͻ

‗
Ὠ

ρ

‗
Ͻʆ •  

Radial 

routes 
ὸ Ͻʆ

ὶϽɰ — Ὠ

τ
Ͻʆ

ʆ

‗

ςϽὩ Ͻ

‗
Ὠ

ρ

‗
Ͻʆ •  

Agency costs 

In the agency cost (ὅ in [$/ὖ ], Equation 3.15), the local cost function ([$/km 2]) 

is the multiplication of the cost per linear kilometer and the road density 

(ρὴ ὶϳ  or ρὶϽɰ —ϳ ). The unitary cost contains two parts: a fixed and a 

variable element, i.e., • • • ϽὝ. 

ὅ ςϽ
•

ὴ ὶ

•

ὶϽɰ —
 ɴ 

  ὶ Ὠὶ Ὠ— ( 3.15 ) 
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3.3.4. Problem formulation and optimization  

The formulated model has its basis on the CA method in which its  objective 

function re presents the total system cost for  a continuous network design 

problem (CNDP). Thus , the model solves a system optimum (SO) using an 

incremental traffic assignment in a continuous space. The CA method solves 

a function of costs, which each point ὶȟ— in polar coordinates (ὶ is the radius 

and — is the angle in radians) depends on local cost attributes. 

Problem formulations  

The total cost function (Ὕὅ in [$/ὖ ]) results from the integration of the local 

cost function of a differential region in polar coordinates (ὶ Ὠὶ Ὠ—) over the 

circular region (π ὶ Ὑ, π — ς“). The total cost function (Ὕὅ ὅ ὅ  in 

Equation 3.16(a)) has two components: the total cost of users (ὅ  in [$/ὖ ]) 

and the agency cost (ὅ  in [$/ὖ ]). 

ὓὭὲ Ὕὅ ὅ ὅ ὅ ὅ (a) 

( 3.16 ) 

s.t. 

άὥὼ
ȟᶰ

ρ
–ϽὪȟ ὶȟ—Ͻὴ ὶ

ὑ ȟ ὶȟ—
πȢω         ᶅ ὶ 

(b) 

άὥὼ
ȟᶰ

ρ
–ϽὪȟ ὶȟ—Ͻɰ —Ͻ

Ὑ ὶ
ς

ὑ ȟ ὶȟ—
πȢω      ᶅ — (c) 

ὴ ὶ ὑ      ᶅ ὶ (d) 

ɰ — ὑ      ᶅ — (e) 

The model also considers that the congestion must not overtake 90 percent of 

the road capacity for any direction  of a road (Equations 3.16(b) and (c)). 

Finally, the distance between roads must be greater than ὑ  (Equation 

3.16(d)). For radial routes (Equation 3.16(e)), ὑ ὑ ὶϳ , where ὶ  is a 

minimum radius  in which the model apply the constraint from this point . 

Method for solving the problem  

The nonlinear system has two decision variables (ὼẖϽ ὴ ὶȟɰ — , ὲ ς), 

and four constraints (ὲ τ). The set of Equations 3.17 shows the KKT 

conditions  in which Equation  3.17(a) is the first condition for each decision 

variable. The second condition contains the constraints ὧẖ (Equation  3.17(b)). 
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The third condition set is the complementary slackness (Equation 3.17(c)); if 

an inequality constraint is active, its slack is zero, and its multiplier ( ‗ẖϽ) 

takes any non-negative value (Equation  3.17(a)). The multiplier s (‗ẖϽ) are 

non-negative (Equation 3.17(d)). The decision variables must be not less than 

ὑ  (Equation 3.17(e)). In Equation 3.17, the expression contains an equation 

system with inequalities. This system of equations allows obtaining the 

optimal solution through the method of successive approximations.  

‬ ὸὧὶȟ—

‬ ὼẖϽ
‗ ὶϽ

‬ ὧ ὶȟ—

‬ ὼẖϽ
‗ —Ͻ

‬ ὧ ὶȟ—

‬ ὼẖϽ
π   ᶅ Ὥ ρȟȣȟὲ (a) 

( 3.17 ) 
ὧẖὶȟ— ὑ π   ᶅ Ὦ ρȟȣȟὲ (b) 

‗ẖϽϽὧẖὶȟ— ὑ π   ᶅ Ὦ ρȟȣȟὲ (c) 

‗ẖϽ π   ᶅ Ὦ ρȟȣȟὲ (d) 

ὼẖϽ ὑ    ᶅ Ὥ ρȟȣȟὲ (e) 

where ὲ ςȟὲ τȟ  
ὼẖϽ ὴ ὶȟɰ —  

‗ẖϽ ‗ ὶȟ‗ ὶȟ‗ —ȟ‗ —  

    

Optimal analytical solutions  

The conditions obtained from the KKT method are first -order optimization 

functions. Table 3.7 presents the analytical functions  to get optimal value s on 

all city road corridors : ὴ ὶ  and ɰ — . These analytical functions are 

necessary conditions for the optimal solution . Although  these necessary 

conditions are not sufficient for optimality, all local minimum satisfies it. To 

find the optimal solution is required to analyze the convexity of the problem.  

In this case, the local function by a road corridor (ring  or radial road) is 

convex for non-negative solutions in the first and fourth quadrants of a plot. 

Optimal analytical expressions of ὴ ὶ and ɰ —  depend on ὦ value. The 

analysis supposes that if ὥ ς and ὦ σ, the function is a quartic function , 

which is also a convex function.  Specifically, the function is a compound 

quadratic polynomial  introducing  a change of variable ό Ὠ , converting it 

to a quadratic function. The solution has one solution and  three non-valid 

ones (negative and complex roots). 
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3.3.5. Methodology for obtaining continuous solutions  

Inequality systems  

Equations 3.17(a) of the variables ὴ ὶ (Equation 3.18) and ɰ — (Equation 

3.19) have three components. The first element shows the total cost density 

of vehicles multiplied by a factor of congestion density. Second, it expresses 

the total cost of two components: the sub-cost will represent the driver cost  

crossing an intersection by a radial road and the cost of constructing and 

maintaining  a road. Third , the total cost density of drivers that leave their 

origin and a rrive at a destination point.  

▬╬► Ͻ Ὢȟȟ ὶȟ—ϽὝϽ
‘ϽὥϽὦ

ὺȟ
Ͻ
Ὢȟȟ ὶȟ—

ὑȟȟ ὶȟ—
 ɴ  ɴ 

  ὶ Ὠ—

p

▬╬► Ͻ Ὢȟȟ ὶȟ—ϽὝϽ‘Ͻ†ȟ
 ɴ  ɴ 

• ȟ • ȟ ϽὝ

 ɴ 

  ὶ Ὠ—

p

ρ

τ
ϽὪȟ ὶȟ—ϽὝ Ὢȟ ὶȟ—ϽὝϽɰ

 ɴ 

  ὶ Ὠ—

p

ⱦ╬►ϽÍÁØ
ȟȟȟ

Ὢȟȟ ὶȟ—

ὑ Ȣ ὶȟ—
 ɴ 

π         ᶅ ὶ 

(a) 

( 3.18 ) άὥὼ
ȟᶰ

ρ
–
ϽὪȟ ὶȟ—Ͻὴ ὶ

ὑ ȟ ὶȟ—
πȢω         ᶅ ὶ 

ὴ ὶ ὑ      ᶅ ὶ 

(b) 

ⱦ╬►Ͻ άὥὼ
—ȟύɴ ὡὧ

ρ
–
ό

ϽὪ
ύȟὺ
Ὑ ὶȟ—Ͻὴὧὶ

ὑύȟὺ
Ὑ ὶȟ—

πȢω π         ᶅ ὶ 

ⱦ╬►Ͻ ὴὧὶ ὑὨὧ π     ᶅ ὶ 

(c) 

ⱦ╬► π     ᶅ ὶ 
ⱦ╬► π     ᶅ ὶ 

(d) 
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( 3.19 ) άὥὼ
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ρ
–
ϽὪȟ ὶȟ—Ͻɰ —Ͻ

Ὑ ὶ
ς

ὑ ȟ ὶȟ—
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ɰ — ὑ      ᶅ — 
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ρ
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Method of two phases 

The solution to the system of inequalities gives the optimal solution. Similar 

to the previous case, the iterative algorithm ( Figure 3.11) gives solutions 

when reaching convergence. 

This method has two phases. The first stage consists of the initialization of 

variables in which a  feasible solution uses the minimum value of each 

variable, respectively: ὑȟὑ . Moreover, the algorithm creates a variable 

that stores the number of iterations ( i). The second stage is an iterative process 

in which the model calculates the two decision variables. The process will 

iterate while the solutions are feasible, and the error is higher than the 

tolerance for each variable. The first sub-problem calculates the two vari ables 

(ὴ ὶ) for a set of ring corridor routes ( ὶɴ πȢȢȢὙ ) if there are feasible 

solutions and first -order optimization conditions  are satisfied. In the case of 

radial services, the process is identical. After that, the variable will increase 

by one unit. The convexity of the problem is analyzed. The algorithm will 

stop when the error is less than the tolerance. Finally, the algorithm will find 

the optimal solution.  

Algorithm: Solution of the continuous traffic  problem  

Initialize ὴ ὶ ὑ ; ɰ — ὑ  

for  1... ὲ 

m « ὓ  

ὈЈ « Ὀὶȟ—ȟὶȟ— ×m 

 

i := 1 

while  (abs(ὴ ὶ ɬ ὴ ὶ) > tolerance or  

abs(ɰ — ɬ ɰ —) > tolerance) 

for each ὶɴ πȢȢȢὙ do 

ὴ ὶ « SystemOfEquations(ɰ —) 

end for  

 

for each —ᶰπȣς“ do 

ɰ — « SystemOfEquations(ὴ ὶ) 

end for  

 

i := i + 1 

end while  

end for  

%ÐÎÜÙÌɯƗȭƕƕȭ 3ÏÌɯÈÓÎÖÙÐÛÏÔɯÉÈÚÌËɯÖÕɯÚÜÊÊÌÚÚÐÝÌɯÈ××ÙÖßÐÔÈÛÐÖÕÚɯÕÜÔÌÙÐÊÈÓÓàɯ

ÚÖÓÝÌÚɯÛÏÌɯÛÙÈÍÍÐÊɯ×ÙÖÉÓÌÔɯÛÏÙÖÜÎÏɯÛÞÖɯ×ÏÈÚÌÚȭ 
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3.4. Discretization of continuous functions  

The discretization of continuum results from the model allows the location  of 

corridors  or routes and the transit service frequency. 

3.4.1. Method for  the system of inequalities  

The method uses the inverse of optimal continuous functions (density 

functions of circular or radial corridor routes)  to calculate the area below the 

ÍÜÕÊÛÐÖÕɀÚɯÊÜÙÝÌȭɯThe discretization of continuum results from the model 

allows the corridor location , routes, and the transit service frequency. The 

method proposed by Medina -Tapia et al. (2013) has its basis on the disk 

model (Ouyang & Daganzo, 2006). 

The second algorithm searches similar areas, i.e., the integral of an area gives 

a unitary value or close to one. Figure 3.13 shows a density function (‏ὼ is a 

blue line) that represent the inverse of the distance between circular routes 

(ρὨ ὶϳ ), or the angle between radial routes (ρɮ —ϳ ). The x-axis represents the 

distance of a corridor route in kilometers or radians. Moreover, the gray 

zones symbolize the area below the density curve between the two following 

thresholds. A blue point represents the position of the route at the point ὼϽ, 

in which each zone ὤ  is defined between ὼϽ  and ὼϽ  (red points). 

Therefore, the position of ὼϽ , ὼϽ and ὼϽ  is obtained from a system of 

inequalities for rin gs (Equation  3.20) and radial routes (Equation 3.21). 

 

%ÐÎÜÙÌɯƗȭƕƖȭ #ÐÚÊÙÌÛÐáÈÛÐÖÕɯÜÚÐÕÎɯÛÏÌɯÔÌÛÏÖËɯÖÍɯÐÕÌØÜÈÓÐÛÐÌÚɯÚàÚÛÌÔȭ 

In the first stage of the discretization of a continuous density function (‏ὼ), 

the algorithm calculates the number of zones from the total area under the 

density function. Second, each zone takes equidistant borders as a feasible 

initial solution. Third, the set of inequalities for circular (Equation 3.20) and 

radial (Equation 3.21) routes allow determining a discrete solution. The  
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inequalities (a) and (b) have a slack or tolerance (‚), and inequality (c) is strict. 

The solution is not unique.  

‏ ὶ Ὠὶ
ρ

ς
Ͻρ ‚     ᶅ ὤ

Ͻ

Ͻ

 (a) 

‏ ( 3.20 ) ὶ Ὠὶ
ρ

ς
Ͻρ ‚    ᶅ ὤ

Ͻ

Ͻ

 (b) 

ÍÁØ
ȟɴ
Ὢ ὶȟ—ϽὬ ὼςϽὭ  Ὠὶ

ὼςϽὭρ

ὼςϽὭρ

ὑ     ᶅ ὤὭ (c) 

 

‏ — Ὠ—
ρ

ς
Ͻρ ‚     ᶅ ὤ

Ͻ

Ͻ

 (a) 

‏ ( 3.21 ) — Ὠ—
ρ

ς
Ͻρ ‚     ᶅ ὤ

Ͻ

Ͻ

 (b) 

ÍÁØ
ȟɴ

Ὢ ὶȟ—Ͻ
Ὑ ὶ

ς
ϽὬ ὼςϽὭ  Ὠ—

ὼςϽὭρ

ὼςϽὭρ

ὑ     ᶅ ὤὭ (c) 

3.4.2. Method of equivalent areas  

The algorithm bases its process on Ouyang and DaganzoɀÚɯËÐÚÒɯÔÖËÌÓ (2006), 

Medina (2011), and Medina -Tapia et al. (2013). The method also uses the 

inverse of optimal continuous functions (density functions of circular or 

radial corridor routes) . The second algorithm finds equivalent areas with  

unitary value or close to one. 

 
%ÐÎÜÙÌɯƗȭƕƗȭ &ÙÈ×ÏÐÊɯÙÌ×ÙÌÚÌÕÛÈÛÐÖÕɯÖÍɯÛÏÌɯÔÌÛÏÖËɯÖÍɯÌØÜÐÝÈÓÌÕÛɯÈÙÌÈÚȭ 

Figure 3.13 shows a density function (‏ὼ) that could represent the distance 

between circular corridor routes (Ὠ ὶ) or the angle between radial corridor 

routes (ɮ — ). The x-axis represents the distance of a corridor line in 

kilometers or radians. Moreover, the three gray zones in the plot symbolize 

the area below the density curve. In some cases, the area is higher than one. 

In other cases, the opposite situation happens. This process requires moving 
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the border of a corridor until reaching the equi librium between all areas. 

Within an area, between two borders of a corridor, a corridor route is located. 

The specific location will be at a point between two borders in which the area 

ÖÕɯÌÈÊÏɯÚÐËÌɯÖÍɯÈɯÊÖÙÙÐËÖÙɀÚɯÓÖÊÈÛÐÖÕɯÏÈÚɯÛÏÌɯÚÈÔÌɯÝÈÓÜÌɯȹƔȭƙȺ. 

Algori thm : Discretization of a continuous function ♯● 

Initialize  

total_area := ᷿  ὼ Ὠὼ‏

N r := round(total_area) 

zona_list = ZoneCreate(N r) 

for each zona Í zona_list do 

border(zona)left := if  zona = 1 then  0 else border(zona-1)right  end if  

border(zona)right  := if  zona = N r then  L else border(zona)left + L/N r end if  

end for  

 

i := 1 

while each  AreaCalculate(zone Í zone_list) Í (total_area/N r + tolerance) 

for each zona Í zona_list do 

if  AreaCalculate(zona) > 1 then 

border(zona)left := border(zona)left +D, ÐÍɯáÖÕÈɯǼɯƕ 

border(zona)right  := border(zona)right  ɬDȮɯÐÍɯáÖÕÈɯǼɯN r 

elseif  AreaCalculate(zona) < 1 then 

border(zona)left := border(zona)left ɬDȮɯÐÍɯáÖÕÈɯǼɯƕ 

border(zona)right  := border(zona)right  +DȮɯÐÍɯáÖÕÈɯǼɯN r 

end if  

end for  

 

i := i + 1 

end while  

%ÐÎÜÙÌɯƗȭƕƘȭ  ÓÎÖÙÐÛÏÔɯÖÍɯÛÏÌɯÔÌÛÏÖËɯÖÍɯÌØÜÐÝÈÓÌÕÛɯÈÙÌÈÚɯÛÖɯËÐÚÊÙÌÛÐáÌɯÈɯ

ÊÖÕÛÐÕÜÖÜÚɯËÌÕÚÐÛàɯÍÜÕÊÛÐÖÕȭ 

The algorithm in Figure 3.14 discretizes a continuous density function (‏ὼ) 

that can be the distance between circular corridor routes (Ὠ ὶ) or the angle 

between radial corridor  routes (ɮ — ). In the first stage, the algorithm 

calculates the total area under the density function and initializes the zone 

number using a rounding function. After that, it creates a variable that stores 

the created zones (zona_list). Each zone takes equidistant borders as a 

feasible initial solution. In the second stage, the algorithm iterates to reach 

the solution. Borders of a zone move away or approach each other. If the area 

is higher than one, then the borders approach a distance D each border. If the 

area is less than one, then the borders move away from each other (D). Finally, 

the algorithm will stop when the areas are equivalent , and these are close to 

total_area/N r plus a tolerance value. 
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3.5. Summary  

-  The dissertation proposes models for  concentric cities in which several cities 

have an equivalent urban network in form and structure defined by ring and 

radial routes/roads. 

-  The non-homogeneous demand modeling used in this dissertation stands 

out over traditional distributions approaching the real distribution of 

demand for generic analyzes that become independent of a ÊÐÛàɀÚɯparticular 

network.  

-  The proposed model for designin g transportation networks can adapt to 

non-homogeneously distributed demands, considering local demand 

conditions.  

-  Modeling a transit system considers the essential stages of a trip. Moreover, 

the agency's costs also include relevant aspects such as capital, operation, 

and infrastructure. A relevant contribution is including the latter in the 

model considering modal infrastructure costs (stations/stops) and linear 

corridors (routes/roads).  

-  Regarding traffic systems, it highlights the modeling of users' and agency 

costs. Notably, it highlights the congestion modeling using a flow -delay 

function.  

-  Another contribution of this work is to obtain continuous outcomes through 

an algorithm.  This method speeds up the computation time compared to 

optimization methods , including those implemented in any software.  

-  The discretization  of continuous outcomes over the city is yet another 

significant contribution to this research. The proposal has a basis on two 

methods: the former aims the optimization, and the latter genera tes a 

heuristic that obtains results in reduced times. 
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4. Infrastructure  and urban 

mobility  

The chapter analyses the design of a strategic transportation network 

applying  the proposed methodology in a concentric city. The fi rst part 

focuses on population density, formulating standard demand scenarios: 

homogeneous, heterogeneous, mono-centric, and multi -subcenters cities. 

Secondly, the dissertation evaluates the optimal characteristics for an 

adequate design of urban networks (or their trade -offs) considering two 

types of networks:  transit and traffic systems. It is worth noting that the 

analysis concentrates on the transportation functionality interaction with 

elements of urban structure as primary transportation systems, central 

business district, and subcenters. 
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4.1. Scenarios of demand 

The four proposed scenarios (Figure 4.1) have their basis on proposed 

mathematical expressions formulated by Ouyang et al. (2014): homogeneous 

city, heterogeneous city, mono-centric city, and multi -subcenters city. 

Appendix C  details the formulations and parameter values used in each 

urban scenario. 

-  First, in a homogeneous city, each point of a city has a stable trip generation 

and attraction  density ( ‗ὶȟ—  and ”ὶȟ—  in Equations 3.2 and 3.3, 

respectively). In this case, the rate is 1,000 [user/km2·h]. 

-  Second, the heterogeneous city is the opposite case to a homogeneous city 

in which each point on a city has distinct  densities of generation and 

attraction of trips . This scenario came from a random selection concerning 

the total number of generated/attracted trips . 

-  Third, the  mono-centric city contains a central business district (CBD) that 

generates and attracts more trips than the rest of the city.  

-  Finally,  the case of the multi -subcenters city  contains four subcenters. The 

ÙÖÓÌɯÖÍɯÜÙÉÈÕɯÚÜÉÊÌÕÛÌÙÚɯÐÚɯÛÖɯɁbring economic activities (e.g., services, 

employment) closer to people who live in peripheral urban spacesɂɯ

(Medina -Tapia, Robusté, & Estrada, 2020). 

Figure 4.1 shows the distribution of generation and attraction of trips for each 

urban scenario. The x-axis and y-axis represent the extension of a city 

expressed in [km]. The model analyzes a city 30 kilometers in diameter ; the 

city center is the point πȟπ. The z-axis represents the demand density in 

[user/km 2·h]. I t is worth mentioning  that the homogenous city is a baseline of 

this investigation , comparing it with the non -homogeneous demand 

scenarios. All scenarios have an equivalent number of generated and 

attracted trips (ɝ in Equation 3.1). How ever, the distribution of rates changes 

throughout the city , keeping an average rate of 1,000 [user/km2·h]. 

Additionally , the analysis embraces the gradualness of implementing  the 

scenarios starting from the baseline, increasing the size of the CBD or 

subcenters, respectively. Figure 4.2 shows the gradual implementation of a 

CBD from an area representing 5% of total trips to 25% of those. Similarly, 

Figure 4.3 also shows a gradual implementation of multi -subcenters from 5% 

to 25% of total trips as a scenario that includes an urban planning strategy . It 

is worth noting that the scenario homogeneous (Figure 4.1(a) and (b)) is 

before the two gradual processes of implementations: a CBD and multi-

subcenters presented in Figure 4.2 and Figure 4.3. 



Infrastructure and urban mobility 

73 

H
o

m
o

g
e

n
e

o
u

s 
ci

ty
 (

H
m

) 

 
(a) Generated trips 

 
(b) Attracted trips  

H
e

te
ro

g
e

n
e

o
u
s 
ci

ty
 (

H
t)

 

 
(c) Generated trips 

 
(d) Attracted trips  

M
o

n
o

-c
e

n
tr

ic
 c

ity
 (

M
n

) 

 
(e) Generated trips 

 
(f) Attracted trips  

M
u

lti
-s

u
b

ce
n

te
rs

 c
ity

 (
M

s)
 

 
(g) Generated trips 

 
(h) Attracted trips  

%ÐÎÜÙÌɯƘȭƕȭ 4ÙÉÈÕɯÚÊÌÕÈÙÐÖÚɯÈÕÈÓàáÌËɯÞÐÛÏɯƕȮƔƔƔɯȻÜÚÌÙɤÒÔƖɇÏȼȭ 

  



Chapter 4 

74 

C
B

D
 w

ith
 5

%
 o

f 
tr

ip
s
 

 
(a) Generated trips 

 
(b) Attracted trips  

C
B

D
 w

ith
 1

0
%

 o
f 

tr
ip

s 

 
(c) Generated trips 

 
(d) Attracted trips  

C
B

D
 w

ith
 1

5
%

 o
f 

tr
ip

s 

 
(e) Generated trips 

 
(f) Attracted  trips  

C
B

D
 w

ith
 2

0
%

 o
f 

tr
ip

s 

 
(g) Generated trips 

 
(h) Attracted trips  

C
B

D
 w

ith
 2

5
%

 o
f 

tr
ip

s
 

 
(i) Generated trips 

 
(j) Attracted trips  

%ÐÎÜÙÌɯƘȭƖȭ 2ÊÌÕÈÙÐÖÚɯÖÍɯÔÖÕÖɪÊÌÕÛÙÐÊɯÊÐÛÐÌÚȮɯÐÕÊÓÜËÐÕÎɯÈɯ"!#ɯÊÈÓÊÜÓÈÛÌËɯÞÐÛÏɯ

ÈÕɯÈÝÌÙÈÎÌɯËÌÕÚÐÛàɯÖÍɯƕȮƔƔƔɯȻÜÚÌÙɤÒÔƖɇÏȼȭ 

 



Infrastructure and urban mobility 

75 

M
S

 w
ith

 5
%

 o
f 
tr

ip
s

 

 
(a) Generated trips 

 
(b) Attracted trips  

M
S

 w
ith

 1
0

%
 o

f 
tr

ip
s

 

 
(c) Generated trips 

 
(d) Attracted trips  

M
S

 w
ith

 1
5

%
 o

f 
tr

ip
s

 

 
(e) Generated trips 

 
(f) Attracted trips  

M
S

 w
ith

 2
0

%
 o

f 
tr

ip
s

 

 
(g) Generated trips 

 
(h) Attracted trips  

M
S

 w
ith

 2
5

%
 o

f 
tr

ip
s

 

 
(i) Generated trips 

 
(j) Attracted trips  

%ÐÎÜÙÌɯƘȭƗȭ 2ÊÌÕÈÙÐÖÚɯÖÍɯÔÜÓÛÐɪÚÜÉÊÌÕÛÌÙÚɯÊÐÛÐÌÚɯȹ,2ȺɯÊÈÓÊÜÓÈÛÌËɯÞÐÛÏɯÈÕɯ

ÈÝÌÙÈÎÌɯËÌÕÚÐÛàɯÖÍɯƕȮƔƔƔɯȻÜÚÌÙɤÒÔƖɇÏȼȭ 

  



Chapter 4 

76 

4.2. Transit network design  

The modeling analyzes a circular city that has a radius of Ὑ km in which the 

rush hour ὖ  lasts Ὕ hours. A trip on transit has four stages: access, waiting, 

in-vehicle travel, and transfer. This subchapter has a basis on a paper 

(Medina -Tapia et al., 2021), and Appendix D  explains it . 

4.2.1. Demand density function s and parameters  

Each stage of a trip has a demand formulation expressed as a density 

function . It is worth remembering the modeling assumes that users choose 

the shortest route between the origin and destination (Section 3.2.2). Equation 

4.1 contains demand density functions.  

Ὢ ὶȟ— Ὀὶȟ—ȟὶȟ—  ὶ Ὠὶ Ὠ— Ὀὶȟ—ȟὶȟ— ὶ Ὠὶ Ὠ— 

 

Ὢ ὶȟ— Ὀὶȟ—ȟὶȟ—  ὶ Ὠὶ Ὠ— 

Ὢ ὶȟ— Ὀὶȟ—ȟὶȟ—  ὶ Ὠὶ Ὠ— Ὀὶȟ—ȟὶȟ—  ὶ Ὠὶ Ὠ—

p

 

 

Ὢ ὶȟ— Ὀὶȟ—ȟὶȟ—  ὶ Ὠ— ὶ Ὠὶ Ὠ— Ὀὶȟ—ȟὶȟ—  ὶ Ὠὶ Ὠ— ὶ Ὠ—

Ὀὶȟ—ȟὶȟ—  ὶ Ὠ— ὶ Ὠὶ Ὠ— Ὀὶȟ—ȟὶȟ—  ὶ Ὠὶ Ὠ— ὶ Ὠ— 

Ὢ ὶȟ— Ὀὶȟ—ȟὶȟ—  Ὠὶ  ὶ Ὠὶ Ὠ— Ὀὶȟ—ȟὶȟ—  Ὠὶ  ὶ Ὠὶ Ὠ—

p

Ὀὶȟ—ȟὶȟ— ὶ Ὠὶ Ὠ— Ὠὶ Ὀὶȟ—ȟὶȟ— ὶ Ὠὶ Ὠ—

p

Ὠὶ 

 

Ὢ ὶȟ— Ὀὶȟ—ȟὶȟ—  ὶ Ὠ— Ὠὶ 

Ὢ ὶȟ— Ὀὶȟ—ȟὶȟ— ὶ Ὠὶ Ὠ— 

( 4.1 ) 

These density functions allow  calculating how many people access, wait, 

travel, and transfer at each city point. Appendix B  presents the all-or-nothing 

assignment problem applied to a continuous space for transit systems. This 
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appendix contains a methodology presenting the formulations of d emand 

density functions.  

Homogeneous demand function 

Demand depends on both the width of transit corridors  and demand density 

functions . This section analyzes an urban scenario in which the demand is 

homogenous over a city, i.e., each point of the city generates/attracts the same 

density of trips. Figure 4.4 shows the density function s for a spatially 

homogeneous city  of 1,000 [user/km 2ɇh] of generated trips obtained from 

Equations 4.1 and explained in  Appendix B . 

-  In the first stage of a trip, the access density function in [user/km2ɇh] comes 

from the formulation presented in Equation 4.1 (Ὢ ὶȟ— ). Figure 4.4(a) 

shows a homogeneous surface at 2,000 [user/km2ɇh], which depends on 

generated and attracted trips (boarding and alighting of users) considering 

both types of corridor routes.  

-  In the second stage of a trip, users wait for a ring or radial service. Equation 

4.1 (Ὢ ὶȟ— and Ὢ ὶȟ—) present the formulations to obtain the demand 

density of passengers in [user/km2ɇh]. In Figure 4.4(b), the density Ὢ ὶȟ— 

increases closer to the city center because the probability of starting a trip 

closes from the center and finish it to the outside is higher around the center 

than in the city periphery . The opposite happens in radial transit , where the 

probability is higher in the periphery than in the city center (Ὢ ὶȟ—, Figure 

4.4(c)). 

-  The third stage is the in-vehicle density surface ÐÕɯȻÜÚÌÙɤÒÔɇÏȼ considering 

the width (km) of a transit corridor of a n in-vehicle trip at each city point 

(Ὢ ὶȟ— and Ὢ ὶȟ—, Equation 4.1). The concentration of ring density is on 

an intermediate ring between the center and outer ring (Ὢ ὶȟ—, Figure 

4.4(d)) because the intermediate ring has more likely to receive more trips in 

a scenario with homogeneous demand. Furthermore, radial trips increase in 

points close to the city center because it  joins trips from the same city side 

and the opposite side (Ὢ ὶȟ—, Figure 4.4(e)). 

-  In the last stage, the transfer density function  (Ὢ ὶȟ— and Ὢ ὶȟ—, Equation 

4.1) represents the density of users in [user/km2ɇh] who  transfer between two 

types of routes. The surface is similar in both types of services considering a 

homogeneous demand (Figure 4.4(f) and (g)) because the density functions 

are equivalent if a user transfers from a ring  to a radial service or vice versa. 

Therefore, the exhibits in Figure 4.4 show that if the generated and attracted 

demand rate is a fixed value, the demand at each stage of a trip is not 

constant.  
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Non-homogeneous demand function s 

The non-homogeneous demand density functions come from the three 

scenarios presented in Section 4.1 (p. 72). The demand varies over the city: 

heterogeneous, mono-centric, and multi -subcenters cities, considering an 

average density rate of 1,000 [user/km2ɇh] for a transit network.  

-  Heterogeneous city scenario: The trip density of generation and attraction 

randomly varies at each city point. Figure 4.5 shows demand density 

functions for each stage of a trip  in this urban case. The demand densities 

have a similar macro -structure compared to the homogeneous case, 

although local conditions change at each city point of the urban region , and 

the magnitude of in -vehicle densities are more significant for this case 

(Figure 4.5(d) and (e)). 

-  Mono-centric city scenario: The case has a central business district (CBD), 

which concentrates more trips than the rest of the city. Figure 4.6 shows 

demand density fun ctions for each stage of a trip in which the center of the 

city concentrates the access density of trips (Figure 4.6(a)). The center 

concentrates the waiting demand for circular services, while the outer of the 

city  concentrates this demand for radial services (Figure 4.6(b) and (c)). 

Secondly, the intermediate ring zone concentrates in-vehicle trips of circular 

services (Figure 4.6(d)), while  the radial density increases to the city center, 

but the density is more significant ( Figure 4.6(e)) than the case of a 

homogeneous city (Figure 4.4(e), p. 78). Finally, the transfer density 

functions rise at the city center (Figure 4.6(f) and (g)), although it is slightly 

higher in the case of circular services. 

-  Multi -subcenters city scenario: The urban case has four subcenters in which 

trip densities  around subcenters are more significant than the rest of the city 

points. Figure 4.7 shows demand density functions for each stage of a trip. 

For this reason, the subcenters concentrate the access densities (Figure 

4.7(a)). The waiting density for circular services increases closer to the city 

center, but the maximum concentration is in subcenters and their  vicinity 

(Figure 4.7(b)). The opposite happens in radial services, where the periphery 

has high levels of density, but the maximum values are also near the 

subcenters (Figure 4.7(c)). The concentration of in-vehicle trip den sities on 

ring services are on the intermediate zone (Figure 4.7(d)). On the other hand, 

in-vehicle trip densities on radial services have a significant concentration 

on radial services where lie the subcenters (Figure 4.7(e)). The transfer 

demand densities are significant near the subcenters for circular and radial 

services (Figure 4.7(f) and (g)). 
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Parameters  

The modeling analyzes a concentric city with  a radius of 15 km (Ὑ), 

considering the rush hour lasts 1.5 hours (Ὕ). Table 4.1 presents the list of 

transit operation parameters for each modal case. It is worth noting each 

stage of a trip depends on the time perception factor: ‌, ‍, ‎, and ‏ (TRB, 

2013). 

3ÈÉÓÌɯƘȭƕȭ /ÈÙÈÔÌÛÌÙÚɯÛÖɯÔÖËÌÓɯÌÈÊÏɯÛÙÈÕÚÐÛɯÔÖËÈÓɯÚÊÌÕÈÙÐÖȭ 

Parameter HRT  LRT BRT 

Ὕ [h]  1.5 

‌ [dimensionless] 2.2 

‍ [dimensionless] 2.1 

‎ [dimensionless] 1.0 

 2.5 [dimensionless] ‏

ὺ ὶ [km/h]  ὺ ὶ σȢπ ρȢτφϽὶ 

ὺ [km/h]  80 60 50 

ὺ  [km/h]  3.0 

† [h/station]  
0.0053 

(19.2 [s/station]) 

0.0034 

(12.2 [s/station]) 

0.0026 

(9.3 [s/station]) 

† [h/station]  
0.0014 

(5 [s/station]) 

0.0014 

(5 [s/station])  

0.0028 

(10 [s/station])  

† [h/station]  
0.0097 

(35 [s/station]) 

0.0083 

(30 [s/station]) 

0.0069 

(25 [s/station])  

†  [h/station]  
0 

(0 [s/station])  

0.0167 

(60 [s/station]) 

0.0167 

(60 [s/station]) 

† [h/station]  
0.0117 

(42.1 [s/station])  

0.0333 

(119.7 [s/station])  

0.0488 

(175.62 [s/station])  

ὸ [h]  
0.1 

(6 [min])  

0.1 

(6 [min])  

0.0667 

(4 [min])  

…  [km]  0.04 0.08 0.08 

– [shift /veh]  1 1 1 

Considering the accessibility, the model assumes that speed linearly 

increases from the city center to the periphery. At the city center, the speed 

will be 3.0 [km/h], which is about 83 [cm/s]. At the outer line, the speed will 

be 25 [km/h] because the user could take a feeder bus or another vehicle. 

Therefore, the access speed function is ὺ ὶ σȢπ ςςρυϳ Ͻὶ. 

Concerning operation parameters, the cruising speed (ὺ) depends on the 

type of vehicles, whose values come from TRB (2013). At a station, † is the 

average time lost by deceleration and acceleration is based on TRB (2013). 

The average fixed dead time and the minimum stopping time at a station use 

standard values. 
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3ÈÉÓÌɯƘȭƖȭ 3ÐÔÌɯÓÖÚÛɯÉàɯËÌÊÌÓÌÙÈÛÐÖÕɯÈÕËɯÈÊÊÌÓÌÙÈÛÐÖÕɯȹ31!ȮɯƖƔƕƗȺȭ 

Parameter HRT  LRT BRT 

ὥ  [m/s2] 1.3 1.0 0.8 

ὥ  [m/s2] 1.3 1.3 1.0 

† [h/station]  
0.0053 

(19.2 [s]) 

0.0034 

(12.2 [s]) 

0.0026 

(9.3 [s]) 

According to transit infrastructure costs, the fixed costs come from the 

Australian technical report ATC (2006) for linear and nodal infrastructures. 

The analysis assumes the variable costs are 1% of the fixed costs. 

3ÈÉÓÌɯƘȭƗȭ 3ÙÈÕÚÐÛɯÐÕÍÙÈÚÛÙÜÊÛÜÙÌɯÜÕÐÛÈÙàɯÊÖÚÛÚɯÍÖÙɯÔÖËÌÓÐÕÎɯÉÈÚÌËɯÖÕɯ 3"ɯ

ȹƖƔƔƚȺȭ 

Unitary cost  HRT  LRT BRT 

•  ȻȜɤÒÔɇÙÖÜÛÌɇὖ ] 245.1 169.6 141.3 

•  [$/kmɇÙÖÜÛÌɇh] • ϽρϷ 

•  [$/ÚÛÈÛÐÖÕɇÙÖÜÛÌɇὖ ] 169.9 8.3 1.6 

•  [$/ÚÛÈÛÐÖÕɇÙÖÜÛÌɇh] • ϽρϷ 

The next table presents the list of unitary cost parameters used for  modeling. 

The value of travel time takes an expected value, while the rest of the 

parameters rely  on ATC (2006). 

3ÈÉÓÌɯƘȭƘȭ 4ÕÐÛÈÙàɯÊÖÚÛÚɯÛÖɯÔÖËÌÓɯÈɯÛÙÈÕÚÐÛɯÚàÚÛÌÔɯÉÈÚÌËɯÖÕɯ 3"ɯȹƖƔƔƚȺȭ 

Unitary cost  HRT  LRT   BRT 

‘ ȻȜɤÜÚÌÙɇÏ] 10 

•  [$/vehɇὖ ] 135.6 83.8 38.5 

•  [$/shiftɇh] 27 25 23 

•  [$/vehɇÒÔɇÙÖÜÛÌ] 3.7 2.6 1.6 

•  [$/kmɇÙÖÜÛÌɇὖ ] 248.8 172.1 143.4 

•  [$/ÚÛÈÛÐÖÕɇÙÖÜÛÌɇὖ ] 172.4 8.4 1.6 

3ÏÌɯÔÖËÌÓɀÚɯÊÖÕÚÛÙÈÐÕÛÚɯÙÌØÜÐÙÌɯÈɯÛÏÙÌÚÏÖÓËɯÐÕɯÌÈÊÏɯÔÖËÈÓɯÚÊÌÕÈÙÐÖȭɯ3ÏÌɯ

thresholds ὑ  and ὑ  come from ATC (2006), but ὑ  was calculated using 

the acceleration and deceleration to reach the cruising speed. 
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3ÈÉÓÌɯƘȭƙȭ 1ÌÚÛÙÐÊÛÐÖÕɯÛÏÙÌÚÏÖÓËÚɯÍÖÙɯÔÖËÌÓÐÕÎɯÉÈÚÌËɯÖÕɯ 3"ɯȹƖƔƔƚȺȭ 

Unitary cost  HRT  LRT BRT 

ὑ  [user/veh]  750 190 101 

ὑ  [km/route]  0.481 0.171 0.079 

ὑ  [h/veh]  
0.0342 

(123 [seg]) 

0.0328 

(118 [seg]) 

0.0167 

(60 [seg]) 

Finally, in these applied cases, the modeling assumes that long-term urban 

changes would not affect the structure of unitary costs. 

4.2.2. Spatially homogeneous demand case  

Feasible and optimal solutions  

For a homogeneous demand city, Figure 4.8 shows the feasible regions 

defined by t he constraints of the model  for the radius 7.5 [km], and the exhibit  

(b) shows it for the angle ϣ [rad], for each transit technology: HRT (green 

area), LRT (blue area), and BRT (red area). 

-  First, rings and radial routes have equivalent minimum constraints shown 

in Equations 3.8(d-g) (p. 49). Second, occupancy is not stable at each city 

point due to demand density travel ing on a vehicle varies over the city. If 

demand density changes, an iso-capacity curve will also change at a 

different radius. 

-  Demand density for radial routes is higher than for r ing routes, shown in 

Section 4.2.1. Therefore, the iso-capacity curve is more restrictive in radial 

routes than in rings  in which t he latter is more significant  for the three 

technologies. Even the case of Figure 4.8(a) has overlapping areas among 

transit technologies, but the technologies cannot cover all solution space in 

the case Figure 4.8(b). 
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(a) Feasible region for a ring at a radius 

7.5 [km] 

 
(b) Feasible region for a radial at an 

angle p [rad]  

%ÐÎÜÙÌɯƘȭƜȭ %ÌÈÚÐÉÓÌɯÙÌÎÐÖÕɯÍÖÙɯÈɯÏÖÔÖÎÌÕÌÖÜÚɯÊÐÛàɯȹƕȮƔƔƔɯȻÜÚÌÙɤÒÔƖɇÏȼȺɯ

ÊÖÕÚÐËÌÙÐÕÎɯÛÏÙÌÌɯÛÙÈÕÚÐÛɯÛÌÊÏÕÖÓÖÎÐÌÚȭ 

Figure 4.9 shows optimal solutions  describing a curve for each technological 

type. Using the spatial, temporary, and capacity constraints (Section 3.2.4, p. 

48), the exhibits present iso-capacity curves at different radius due to the 

variation of demand density. Figure 4.9(a) shows the curve of optimal 

solutions for rings considering several radii . The generation and attraction 

rates are constant throughout the city . Nevertheless, demand densities vary 

regarding radii ( Figure 4.4); then, solutions for ring routes vary according to 

the radius (Figure 4.9(a)). On the other hand, Figure 4.9(b) shows the optimal 

solutions for a radial route at the angle p considering the solution does not 

change for any angle. 

-  For ring routes (Figure 4.9(a)), feasible regions are more significant  at the 

city extremes than in the intermediate zone, being the most demanded. The 

temporary constraints are active from the city center to 11 or 12 km of radius. 

In the outskirts, spatial distributions are more significant  for HRT, LRT, and 

BRTɭin this orderɭthan at the city center, considering even less frequency 

(headways rise to the periphery). 

-  For radial routes (Figure 4.9(b)), optimal solutions are stable for all angles, 

opposite to ring routes. HRT systems activate both minimum spatial and 

temporary constraints. Whereas the solutions of LRTs and BRTs active the 

maximum occupancy and minimum headway constraints.  

-  Two exceptional cases in Figure 4.9(a) show the effects of the active capacity 

constraints for LRT and BRT. For an LRT (Figure 4.9(c)), the temporary and 

capacity constraints are active within 5 and 12 km due to the high density at 

the intermediate zone, increasing ring route densities in this zone. For a BRT 

(Figure 4.9(d)), both constraints are also active between 5 and 12 km. After 

that, only the iso-capacity constraint is active around 12.5 km of radius. 
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(a) Ring corridor routes  

 
(b) Radial corridor routes  

 
(c) Case LRT 

 
(d) Case BRT 
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ÎÌÕÌÙÈÛÐÖÕɯÙÈÛÌɯÖÍɯƕȮƔƔƔɯȻÜÚÌÙɤÒÔƖɇÏȼȭ 
-ÖÛÌȯɯ17ɯÊÖÕÛÖÜÙÚɯÐÕɯÛÏÌɯ×ÙÌÝÐÖÜÚɯÌßÏÐÉÐÛÚɯÙÌ×ÙÌÚÌÕÛɯÛÏÌɯÖ×ÛÐÔÈÓɯÚÖÓÜÛÐÖÕɯÍÖÙɯÈɯÊÖÕÊÌÕÛÙÐÊɯÊÐÛàɯ

ÞÏÖÚÌɯÙÈËÐÜÚɯÐÚɯÌØÜÐÝÈÓÌÕÛɯÛÖɯ1ǻ7ɯÒÔȭ 

Consequently, the density of rings and headways will increase its value if the 

radius increases toward the city  outer. Therefore, a concentric city must 

bolster transit rings in the periphery.  

Figure 4.10 shows feasible regions from 500 to 3,500 [user/km2ɇh] obtained 

from  the network design problem , considering the constraints for each transit 

technology: HRT, LRT, and BRT. 
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(a) Ring corridor routes  at 7.5 [km] 

 
(b) Radial corridor routes  ÈÛɯϣɯȻÙÈËȼ 

L
R
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(c) Ring corridor routes  at 7.5 [km] 

 
(d) Radial corridor routes  ÈÛɯϣɯȻÙÈËȼ 

B
R

T 

 
(e) Ring corridor routes  at 7.5 [km] 

 
(f) Radial corridor routes  ÈÛɯϣɯȻÙÈËȼ 
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ÊÖÕÚÐËÌÙÐÕÎɯÛÙÈÕÚÐÛɯÛÌÊÏÕÖÓÖÎÐÌÚȭ 
-ÖÛÌȯɯ#7ɯÊÖÕÛÖÜÙÚɯÙÌ×ÙÌÚÌÕÛɯÛÏÌɯËÌÔÈÕËɯËÌÕÚÐÛàɯÛÏÈÛɯÌØÜÐÝÈÓÌÕÛɯÛÖɯ#ǻ7ɯȻÜÚÌÙɤÒÔƖɇÏȼȭ 

Three types of lines form feasible regions in Figure 4.10: dotted lines 

represent iso-capacity curves obtained from vehicle capacity constraints 

(Equations 3.8(b) and (c), p. 49), dashed lines represent spatial constraints 

(Equations 3.8(d) and (e), p. 49), and dash-dot lines represent minimum time 

headways (Equations 3.8(f) and (g), p. 49). It is worth noting that t he iso-

capacity curves in which the  capacity constraint is active. Thus, the dotted 

lines depend on demand, i.e., if the demand increases, the feasible region 

decreases in size. 

-  For ring  routes, if demand increases, the implementation of BRTs reaches 

the optimum with high frequencies, and corridors are close to each other. 
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However, an HRT system has an implement ation with less frequency, and 

the distance is higher from each other than BRT and LRT systems if the 

capacity reaches road saturation. 

-  For radial routes, the user demand is higher , so optimal solutions  have more 

differences than in the previous case. The constraints are active in almost all 

cases, so the temporary and capacity constraints are active over 1,000 

[user/km 2·h] for LRT and BRT systems. In HRT systems, temporary and 

spatial constraints are active over 1,000 [user/km 2·h]. 

-  Red dotted lines represent iso-capacity constraints when these lines are 

smaller than the minimum distance and headway: the system will be 

unfeasible, at least one of the two route types, frequently radial routes. Thus, 

the maximum feasible demand is 2,000 [user/km2ɇh] for HRTs, 1,500 

[user/km 2ɇh] for LRTs, and 3,000 [user/km2ɇh] for BRTs. The analysis gives a 

paradox for a homogeneous distribution scheme in which the bus at a BRT 

has less individual capacity but offers greater capacity for the system. 

Considering the above, the minimum distance between vehicles for HRT 

systems is significant in the network design; on the contrary, this restriction 

prevents it from reaching  higher demand levels. On the other hand, adding 

oversized vehicles in a transit system (higher capacity of buses or tramways) 

will be able to feasible areas more significant for BRTs and LRTs. 

In Figure 4.11, lines represent the density of corridors considering different 

levels of demand for a circular  city w ith a homogeneous trip distribution and, 

points represent the discrete location obtained from the algorithm presented 

in Section 3.4 (p. 67). Moreover, levels of demand progressively increase, 

resizing the feasible space for solutions explained previously. 

-  Figure 4.11(a) shows that optimal density curves are continuous without 

breaks because the constraints are no active, as shown in Figure 4.10(a). 

Figure 4.11(b) shows the same density for cities over D1000 [user/km2·h], 

although the occupancy also increases, reducing the available capacity of 

each subway car. 

-  Figure 4.11(c) and (e) show the activation of temporary and capacity 

constraints around the intermediate ÙÐÕÎɯáÖÕÌȭɯ3ÏÜÚȮɯ+13ɀÚɯÈÕËɯ!13ɀÚɯÙÐÕÎɯ

density of D1000 [user/km2·h] show the consequences explained previously.  

-  In radial densities, route density  increases rapidly if the city's  homogeneous 

demand also increases. 
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(a) Ring corridor routes  

 
(b) Radial corridor routes  
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(c) Ring corridor routes  

 
(d) Radial corridor routes  
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(e) Ring corridor routes  

 
(f) Radial corridor routes  

%ÐÎÜÙÌɯƘȭƕƕȭ .×ÛÐÔÈÓɯÛÙÈÕÚÐÛɯÚÛÙÜÊÛÜÙÌÚɯÙÌÎÈÙËÐÕÎɯËÌÔÈÕËɯÚÊÌÕÈÙÐÖÚȭ 
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Effects of transit operation on infrastructure  

The exhibits of Figure 4.12 allow  analyzing the system costs considering the 

three transit technologies. 

-  Figure 4.12(a) shows the behavior of the total, user, and agency costs 

regarding levels of demand increasing progressively  and considering the 

system feasibility. HRT has a lower  total cost than other technologies. 

-  Figure 4.12(b) represents the average cost by a user in which the green curve 

(HRT) decreases concerning the demand. The BRT system reaches the 

minimal values at approximately  500 [user/km 2ɇh]; after that, the average 

cost increase, showing the lowest economic effici ency. 
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-  Figure 4.12(c) represents the agency cost divided by users; it could represent 

a transit fare. BRT is more attractive for low and super -high demand levels 

if this type is unique feasible. LRT is less expensive if the density is less than 

1,000 [user/km2ɇh]. Finally, HRT is the  most expensive in low demand levels. 

However , this is the best technology between 1,000 and 2,000 [user/km2ɇh]. 

 

 
(a) Total cost 

 
(b) Total cost by user 

 
(c) Agency cost by user 

%ÐÎÜÙÌɯƘȭƕƖȭ 3ÙÈÕÚÐÛɯÚàÚÛÌÔɯÊÖÚÛɯÊÖÕÚÐËÌÙÐÕÎɯ×ÙÖÎÙÌÚÚÐÝÌɯÏÖÔÖÎÌÕÌÖÜÚɯ

ËÌÔÈÕËɯÚÊÌÕÈÙÐÖÚȭ 

 

   
(a) HRT (b) LRT (c) BRT 

%ÐÎÜÙÌɯƘȭƕƗȭ 3ÙÈÕÚÐÛɯÖÊÊÜ×ÈÛÐÖÕɯÈÕËɯÛÙÈÝÌÓɯÛÐÔÌɯÈÊÊÖÙËÐÕÎɯÛÖɯ×ÙÖÎÙÌÚÚÐÝÌɯ

ÏÖÔÖÎÌÕÌÖÜÚɯËÌÔÈÕËɯÚÊÌÕÈÙÐÖÚȭ 

Figure 4.13 shows some demand effects on transit operation (Figure 4.13(a) 

HRT, (b) LRT, and (c) BRT) and infrastructure  considering different demand 

levels. The color of lines represents each label on the y-axis. 

-  The transit occupancy increases if demand densities also increase. However,  

only the HRT system does not reach the maximum capacity. 

-  LRT and BRT systems reach the saturation quickly if demand exceeds 1,000 

[user/km 2ɇh]. 

-  The travel time decreases whether the demand increases in the case of HRT 

because the infrastructure increases as well. For LRT and BRT systems, the 
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travel time decreases to reach a minimal value (500 [user/km 2ɇh]); after that, 

the systems are inefficient. 

4.2.3. Non-homogeneous demand systems  

The dissertation analyzes four scenarios of demand distribution for a city that 

generates 1,000 [user/km2ɇh] presented in Section 4.1 (Hm, Ht, Mn, and Ms). 

 
%ÐÎÜÙÌɯƘȭƕƘȭ "ÖÚÛÚɯÖÍɯÛÙÈÕÚÐÛɯÛÌÊÏÕÖÓÖÎÐÌÚɯÊÖÕÚÐËÌÙÐÕÎɯÍÖÜÙɯÜÙÉÈÕɯÚÊÌÕÈÙÐÖÚɯÖÍɯ

ÈɯÊÐÛàɯÞÐÛÏɯƕȮƔƔƔɯȻÜÚÌÙɤÒÔƖɇÏȼȭ 

Figure 4.14 compares the total cost for each urban scenario and transit 

technology in which the following points are the  main outcomes: 

-  The implementation of HRT systems presents the least cost of all types of 

cities. A homogeneous city  (Hm)  is the best urban alternative for almost all 

types of technologies. This result seems to be logical due to Hm  reduces the 

saturation and costs due to the concentration of users at any city point.  

-  An Mn city generates a reduction of costs from 5.5% for HRTs to 8.6% for 

BRTs regarding a Ht city. However, Ms cit ies reduce the costs from 6.9% for 

HRTs to 11.6% for BRTs regarding a Ht city. The muti -subcenters city for 

HRTs provides the best reduction  of costs, around 45.1% regarding the 

worst -case (a BRT for a Ht city).  

-  The previous conclusion contrasts against the Ht case that has the highest 

total costs. The best alternative is implementing  subcenters (Ms) because the 

latter has an equivalent total cost to a homogeneous city. 
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(a) Total cost 

 
(b) Agency cost by user 

%ÐÎÜÙÌɯƘȭƕƙȭ 3ÙÈÕÚÐÛɯÊÖÚÛÚɯÈÊÊÖÙËÐÕÎɯÛÖɯÜÙÉÈÕɯÚÊÌÕÈÙÐÖÚɯÈÕËɯÛÙÈÕÚÐÛɯÔÖËÌɯ

ÚàÚÛÌÔÚȭ 

The results shows the importance of CBD and subcenters depends on the size 

of these. Figure 4.15 compares the four urban scenarios presented in Section 

4.1 (Ht, Hm, Mn, and Ms) in which the two latter progressively increase the 

demand from 5% (1.05x) to 25% (1.25x) of the total number of trips.  

-  Total cost (Figure 4.15(a)): The total cost of a monocentric city increases if the 

size of the CBD also increases considering the total number of trips ; and 

otherwise, the total cost of a multi -subcenters city decreases if the subcenters 

size increases. Even the cost is less than at a homogeneously distributed city, 

reducing 0.6% for an HRT system. 

-  Agency cost by users (Figure 4.15(b)): This analysis makes sure a system 

economically sustainable. First, a Hm  city reduces costs for all technologies 

in comparison to a Ht  case. Second, the implementation of small subcenters 

(less than 25% of total trips) generates similar levels of costs in comparison 

to the homogeneous case. Even in HRTs, the subcenters structure improves 

the system better than the homogeneous case, reducing the cost by 0.5% 

concerning the most idealized case. 

If multi -subcenters grow up due to the generation/attraction of trips, the cost 

reduces regarding a monocentric demand structure. Therefore, a 

decentralized city is more effective than policies that seek the concentration 

of equipment and services at specific points in a city. 

Effects on urban structure and frequency 

Each scenario of demand (Hm, Ht, Mn, and Ms) requires a specific structure 

of transit. Figure 4.16 shows the optimal solutions according to both the 

transit technologies and the urban scenarios. 
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(a) Ring corridor routes  

 
(b) Radial corridor routes  
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(c) Ring corridor routes  

 
(d) Radial corridor routes  
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(e) Ring corridor routes  

 
(f) Radial corridor routes  

%ÐÎÜÙÌɯƘȭƕƚȭ .×ÛÐÔÈÓɯÚÖÓÜÛÐÖÕÚɯÍÖÙɯÛÙÈÕÚÐÛɯÛÌÊÏÕÖÓÖÎÐÌÚɯÈÊÊÖÙËÐÕÎɯÛÖɯÜÙÉÈÕɯ

ÚÊÌÕÈÙÐÖÚȭ 

Each exhibit  in Figure 4.16 has two elements: the above exhibit  contains the 

continuous optimal solutions, and the below exhibit contains discrete 

solutions: transit route locations. In the above exhibit , blue lines represent the 

optimal density of rings in [corridor/km] and radial routes in [corridor/rad]; 

orange lines represent the optimal headways along a transit corridor. In the 

bottom exhibit , blue points represent the discrete location of corridors  using 

the discretization process (Section 3.4), including the corridor number n ext to 

the right axis. 

-  For HRTs, ring routes in Figure 4.16(a) for a homogeneous demand city 

(solid lines) has a homogeneous distribution of corridors at t he intermediate 

zone (about 0.5 [corridor/km]). However, the density de creases to the city 

center tending to zero and increases towards the periphery (about 0.8 

[corridor/km], almost double than the intermediate zone). The headway 

reaches the minimum headway (2.05 [min/veh]) and rapidly rise s towards 
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the city center and the periphery. In an Mn scenario (d ash-dot line s), the 

central area concentrates ring routes requiring one more ring and reducing 

the density to the city outer. Ms reaches as ring corridors as the Hm scenario 

for all technologies. For radial routes, Figure 4.16(b) shows a uniform 

distribution for all urban cases. The radial density reaches the minimum 

distance between routes (4.158 [corridor/rad]) and the min imum headway 

(2.052 [min/veh]) without saving  infrastru cture (all scenarios have the same 

number of radials). 

-  For LRTs, the saturation of the vehicle capacity causes an alteration of the 

ring density in the intermediate zone of the city  (Figure 4.16(c)). The Mn case 

is the least affected scenario because it reduces the demand in this area, 

increasing the demand towards  the city center: the Hm  case has as rings as 

the Mn and Ms. However, the Ht case requires one more ring regarding 

other urban scenarios. In radial routes (Figure 4.16(d)), Hm and Mn have a 

uniform distribution of route densities. On the other hand, Ms has a better 

distribut ion of the demand and allows grouping the infrastructure offer 

making it more efficient . 

-  For BRTs, in Figure 4.16(e) and (f), the system has similar route densities for 

ring s compared to the LRT system, but radials are less than the previous 

case. Moreover, the headways are smaller than the headways of LRTs. 

Analysis of transit occupation  and travel time  

Figure 4.17 shows the location of transit corridors considering a multi -

subcenters demand structure. The discretization algorithm presented in 

Section 3.4 (p. 67) gives the transit route location. Moreover, the transit 

network lin ks contain the saturation level using a color ramp from 0 to 1. In 

saturation, the occupancy reaches the maximum capacity. 

 
(a) HRT 

 
(b) LRT 

 
(c) BRT 

%ÐÎÜÙÌɯƘȭƕƛȭ 2ÈÛÜÙÈÛÐÖÕɯÓÌÝÌÓÚɯÖÍɯÛÙÈÕÚÐÛɯÊÖÙÙÐËÖÙÚɯÍÖÙɯÈɯÔÜÓÛÐɪÚÜÉÊÌÕÛÌÙÚɯÊÐÛàɯ

ÊÈÚÌȭ 

In Figure 4.18, the bars show the percentage of trips classified in time 

intervals. Each interval of the color ramp repr esents trips lasting 15 minutes. 
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ȻÜÚÌÙɤÒÔƖɇÏȼȭ 

The bars in Figure 4.18 compare the travel time among urban scenarios for 

three transit technologies: Ht, Hm, and the progressive increment of Ms from 

5% to 25% of trips with respect to the total number of these. 

-  HRT is the only system with trips lasting less than 15 minutes, while the 

most extended trips last less than 45 minutes. 

-  LRT increases the travel time compared to HRTs in which longer trips take 

between 75 and 90 minutes for the Ht  scenario, although the impl ementation 

of subcenters reduces them even more. 

-  BRT has the worst performance considering travel time because the 

maximum travel time exceeds 90 minutes. However, a homogeneous 

distribution also reduces th e duration of trips. However,  the 

implementation o f subcenters improves travel times. 

The improvements due to the implementation of subcenters are observable 

for  all technologi es, even in HRTs. However, t his problem is most significant 

in a BRT system, considering the analyzed urban strategies do not eliminate 

times higher than 90 min. 

4.2.4. Sensitivity analysis  

One of the main parameters is the travel time value per average user (‘). For 

this reason, the section analyzes the effects of the value of time on the optimal 

solutions for rings and radial routes and the effects on the total cost of the 

systems considering the three analyzed technologies: HRT, LRT, and BRT. 

The next two figures (Figure 4.19 and Figure 4.20) show how the variability 

of three different scenarios of values of time (‘ᶰρȟυȟρπ ȻȜɤÜÚÌÙɇÏȼȺ for 

optimal solutions  of ring s and radial routes of a homogeneous concentric city 

of 1,000 [user/km2·h], considering HRT, LRT, and BRT technologies. 
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Each x-axis of each inhibit of Figure 4.19 is the distance between rings, i.e., 

the spatial decision variable of the problem (Ὠ ὶ χȢυ in [km/route] ), for the 

radius 7.5 [km] of the circular city . Similarly, each x-axis in Figure 4.20 is the 

angle between radial routes (ɮ — “ in [ rad/route]) at an angle of “ [rad]).  

Each y-axis of inhibits is the headway between vehicles, i.e., the headway 

between vehicles (Ὤ ὶ χȢυ  for rings and Ὤ — “  for radial routes i n 

[h/veh] ). The red lines of those exhibits represent the constraints: the capacity 

constraint (Equation 3.8(b)-(c)), the minimum distance between stations 

(Equation 3.8(d)-(e)), and the minimum headway  between vehicles (Equation 

3.8(f)-(g)). The gray hatched area among the three red constraints defines the 

feasible region of solutions. Iso-lines in color gradient represent the total cost 

obtained from the objective function in which the black point is the optimal 

solution for a scenario that considers a specÐÍÐÊɯÛÌÊÏÕÖÓÖÎàɯÈÕËɯÜÚÌÙÚɀɯÝÈÓÜÌÚɯ

of time in the concentric city. 

For HRT systems, if the value of time takes low rates as in developing 

countries, subways cars will travel  close to maximum capacity, as shown in 

Figure 4.19(a) and Figure 4.20(a). On the other hand, if the value of time 

increases to 5 or 10 ȻȜɤÜÚÌÙɇÏȼ ÈÚɯÐÕɯËÌÝÌÓÖ×ÌËɯÊÖÜÕÛÙÐÌÚȮɯÛÏÌɯÜÚÌÙɀÚɯÊÖÚÛɯwill 

make vehicles travel empties (lower demand) and frequencies increase as 

well ( Figure 4.19(b)-(c) and Figure 4.20(b)-(c)). For LRT and BRT systems, 

ÜÚÌÙÚɀɯÊÖÚÛÚɯÐÕÊÙÌÈÚÌɯÞÐÛÏɯÛÏÌɯÖ×ÛÐÔÈÓɯÚÖÓÜÛÐÖÕɯÖÜÛɯÛÏÌɯÍÌÈÚÐÉÓÌɯÙÌÎÐÖÕɯin the 

absence of constraints. In this case, two constraints are active (the minimum 

headway and capacity constraint), locating optimal solutions on the 

intersection of those constraints (Figure 4.19(d)-(i) and Figure 4.20(d)-(i)). By 

the way, the optimal results of a low travel time valu e are above the 

frequency constraint. The latter changes because the optimal solution 

approaches the minimum headway constraint  if the travel time value 

increases. 

4.2.5. Analysis  

The proposed model for designing public transportation networks can adapt 

to non-homogeneously distributed demands, considering the local demand 

conditions over a city. The model is valid even in modeling scenarios where 

the generation/attraction rates are stable over the city because the density of 

trips is not homogeneous for the other three travel stages: waiting, in-vehicle 

trip, and transferring of users. For this reason, average demand values (i.e., a 

homogeneous distribution) will tend to underestimate real infrastructure 

needs where issues will increase when considering other demand 

distributions.  
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The feasibility of implementing a transit technology depends on the 

occupancy and operating constraints; therefore, the capacity of the 

technology is a critical parameter for  the feasibility of a transit system. LRT 

and BRT systems have limited feasible spaces for radial corridor s because 

their capacity is less than for an HRT. Moreover , some solutions for radial 

routes are not feasible for any of the three technologies analyzed in this 

dissertation instead of the ring routes that have an overlap of feasible areas. 

The total costs obtained from the model show that LRT systems are only 

competitive for low levels of demand, and BRTs are competitive for high 

levels of demand if HRTs are not feasible. The results change considering the 

agency-by-user costs because HRTs are competitive for intermediate demand 

densities (between 1,000 and 2,000 [user/km2]). On the other hand, an HRT 

system has a shorter average travel time if demand increases. LRTs and BRTs 

have become increasingly inefficient in these cases. Moreover, LRTs and 

BRTs rapidly saturate the capacity of vehicles if demand also increases, and 

infrastructure needs simultaneously increase in all cases. 

In a homogeneous distribution , the distance between ring routes increases 

from the center to the periphery, although the transit frequency is less toward 

the periphery. Vehicle capacity constraints force the concentration of routes 

when travel density exceeds 500 [user/km2]. The intermediate zone 

concentrates routes in terms of ring routes, while the radial ro ute needs are 

in all zones. Therefore, these areas require a greater concentration of 

infrastructure or vehicles with greater capacity. Thus, the periphery requires 

an efficient system of feeder vehicles and radial transit systems. 

The urban case with homogeneous demand is an idealized case. Urban cases 

with a monocentric or heterogeneous structure approach real structures but 

have higher total cost levels. The decentralized urban case that incorporates 

multi -subcenters reduces costs even equivalent to a homogeneous demand 

distribution. The effectiveness of subcenters depends on the size of these 

reducing costs and improvements in travel time. Regardin g agency costs per 

user, if multi -subcenters increase their  size, the cost reduction achieved the 

best levels for HRTs. However, the most significant percentage reductions 

give BRT and LRT systems. Thus, the multi -subcenters can even show better 

results than the idealized case in which the trips have a perfectly 

homogeneous distribution. Therefore, the generation of subcenters can 

become an attractive strategy for urban development. 
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4.3. Traffic network design  

The modeling analyzes a circular city of 15 km of the radius (Ὑ), and its rush 

hour lasts 1.5 hours (Ὕ). The traffic network model assumes a trip has three 

stages: accessing to the nearest primary road, ɁÙÌÎÜÓÈÙɂɯÛÙÐ× on a vehicle, and 

arriving at the trip destination, which includes the parking stage . The model 

can model different types of roads and vehicles  as shown Medina and 

Robusté (2019b), analyzing two types of vehicles (connected and autonomous 

vehicles) and types of roads (freeways and arterial roads). However, this 

subchapter focuses on a specific case: conventional cars (manual vehicles) 

only travel ing on freeways. 

4.3.1. Demand density function s and parameters  

The demand formulation s come from density functions  estimated for  each 

stage of a private trip. 

Ὢȟ ὶȟ— Ὀὶȟ—ȟὶȟ—  ὶ Ὠὶ Ὠ— 

Ὢȟ ὶȟ— Ὀὶȟ—ȟὶȟ—  ὶ Ὠὶ Ὠ— Ὀὶȟ—ȟὶȟ—  ὶ Ὠὶ Ὠ—

p

 

 

Ὢȟ ὶȟ— Ὀὶȟ—ȟὶȟ—  ὶ Ὠ— ὶ Ὠὶ Ὠ— Ὀὶȟ—ȟὶȟ—  ὶ Ὠὶ Ὠ— ὶ Ὠ—

Ὀὶȟ—ȟὶȟ—  ὶ Ὠ— ὶ Ὠὶ Ὠ— Ὀὶȟ—ȟὶȟ—  ὶ Ὠὶ Ὠ— ὶ Ὠ— 

Ὢȟ ὶȟ— Ὀὶȟ—ȟὶȟ—  Ὠὶ  ὶ Ὠὶ Ὠ— Ὀὶȟ—ȟὶȟ—  Ὠὶ  ὶ Ὠὶ Ὠ—

p

Ὀὶȟ—ȟὶȟ— ὶ Ὠὶ Ὠ— Ὠὶ Ὀὶȟ—ȟὶȟ— ὶ Ὠὶ Ὠ—

p

Ὠὶ 

 

Ὢȟ ὶȟ— Ὀὶȟ—ȟὶȟ— ὶ Ὠὶ Ὠ— 

Ὢȟ ὶȟ— Ὀὶȟ—ȟὶȟ— ὶ Ὠὶ Ὠ—

p

Ὀὶȟ—ȟὶȟ— ὶ Ὠὶ Ὠ— 

( 4.2 ) 

Equation 4.2 contains demand density functions , whose explanation is in 

Appendix B . It is worth not ing that the trip assignment assumes an 

incremental assignment in a continuous space. Section 3.3.2 (p. 58) explains 

the method. 
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Homogeneous demand function  

Demand depends on both the width of road corridors and density functions.  

The demand density functions for a homogenous city generates and attracts 

the same density of trips  in each point. However, the demand at each stage 

of a trip is not homogeneous over this  city. 

Figure 4.21 and Figure 4.22 show the density functions for a spatially 

homogeneous city of 1,000 [veh/km 2ɇh] of generated trips obtained from 

Equations 4.2 (Appendix B ). Firstly , Figure 4.21 shows demand density 

functions considering the all -or-nothing assignment method, which does not 

consider congestion. Secondly, Figure 4.22 presents the results of the 

incremental assignment method in which the assignment is progressive, 

considering increments in percentages: {50%, 25%, 15%, 5%, 3%, 2%}. 

-  In the first stage of a trip, the access density function in [veh/km 2ɇh] for the 

all-or-nothing assignment method comes from the formulation presented in 

Equation 4.2. Figure 4.21(a) and (b) show the access demand densities for 

circular and radial roads in  [veh/km 2ɇh]. Figure 4.22(a) and (b) show the 

access demand densities for circular and radial roads in [veh/km 2ɇh], 

considering the incremental assignment method. 

-  The second stage presents regular trip  density surfaces in [ vehɤÒÔɇÏȼɯ

considering the width , in kilometers, of a traffic  corridor at each city point 

(Equation 4.2). Figure 4.21(c) and (d) show the access demand densities for 

rings and radial roads in  [vehɤÒÔɇÏ] considering the all-or-nothing 

assignment. In this first case, the concentration of ring density is on the 

intermediate zone between the center and outer ring (Figure 4.21(c)), 

considering the intermediate ring has more likely to receive more trips in a 

scenario with homogeneous demand. Otherwise, radial trips increase in 

points close to the city center because it  joins trips from the same city side 

and the opposite side (Figure 4.21(d)). Figure 4.22(c) and (d) show the access 

demand densities for circular and radial roads in  [vehɤÒÔɇÏȼ, considering 

the incremental assignment method. In this case, the intermediate ring 

density decreases, augmenting trips on ring roads at the periphery . On the 

other hand, for radial ro utes, trip density around  the city center decreases 

regarding the first assignment method. 

-  In the third stage, the arriving density function ( Equation 4.2) represents the 

user density, in [ veh/km 2ɇh], who arrive at the destination . The surface in 

Figure 4.21(c) and (d) show the arriving  demand densities for rings and 

radial radials in [veh/km 2ɇh] considering the all-or-nothing assignment. 

Figure 4.22(c) and (d) show the arriv ing demand densities for rings and 

radial s in [veh/km 2ɇh], considering the incremental assignment method.  
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Non-homogeneous demand function 

The demand density functions come from the three scenarios presented in 

Section 4.1 (p. 72) in which the demand varies over the city  as in the case of a 

transit system: heterogeneous, mono-centric, and multi -subcenters cities, 

considering a density rate of 1,000 [user/km2ɇh] for a traffic  network.  

-  Heterogeneous city scenario: In this case, the trip density of generation and 

attraction randomly varies at each point of the city. Figure 4.23 contains 

demand density functions for each stage of a trip in this urban case 

considering the all -or-nothing assignment method . After that, Figure 4.24 

presents the demand density function obtained from the incremental 

assignment method. The demand densities also have a similar macro -

structu re compared to the previous case, although local conditions change 

at each point, modifying the regular structure of the homogeneous case 

(Figure 4.24(c) and (d)). 

-  Mono-centric city scenario: The central business district (CBD) of this scenario 

concentrates more trips than the rest of the city. Figure 4.25 shows demand 

density functions for each stage of a trip considering the all-or-nothing 

assignment method. On the other hand, Figure 4.26 presents the results of 

the assignment using the incremental method. The second case decreases 

the peak points. Notably, the incremental assignment reduces the maximum 

values of trips on radial routes around the city center because users choose 

shorter travel time trips . 

-  Multi -subcenters city scenario: The urban case has four subcenters in which 

trip densities around subcenters are more significant than the rest of the city 

points. Figure 4.27 shows demand density functions for each stage of a trip 

obtained from the all -or-nothing assignment method . Meanwhile, Figure 

4.28 shows the demand density obtained from the incremental assignment 

method. The in-vehicle trip densities on circular services are in the 

intermediate zone. On the other hand, in-vehicle trip densities on radial 

services have a significant concentration on radial services where lie the 

subcenters, although the second assignment reduces the maximum values 

around subcenters. 
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